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1 Introduction

1.1 Knot Theory

Informally, a knot is what you get when you take a piece of string, tie it up, and glue the ends together. Knot

theory is the mathematical study of such objects, and many complicated problems have emerged from seemingly

simple properties of knots. In this paper, we examine one such problem — the so-called slope conjecture — a

statement which implies a rather unexpected relationship between the algebraic and topological properties of a

knot.

Figure 1: The unknot, trefoil knot, figure-eight knot, and Gordian knot.

Definition 1. A knot is a smooth embedding of the circle S1 into three-dimensional Euclidean space R3.

As is common in the literature, we usually use the word knot to refer to not only the embedding, but also its

image.

Definition 2. Let K1,K2, . . . ,Kn ⊂ R3 be mutually disjoint knots. Then we say that L ⊂ R3 where L =

K1 ∪ · · · ∪Kn is a link.

1.2 Knot diagrams and Reidemeister’s theorem

One way to depict a knot is via a projection of the knot onto a plane; the resulting picture is called a knot

diagram (note that a single knot has many different knot diagrams). In knot theory, we treat two knots the

same if it is possible to deform one into the other without passing strands through each other. In Figure 1,

the first and last knot diagrams are intuitively different to the observer. However, it is possible to ‘untangle’

the knot on the far right to obtain the knot on the far left, and so these two knots are considered equivalent.

This leads to the natural question, one which mathematicians have grappled with since at least the nineteenth

century: when are two knots the same, and when are they different?
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Definition 3. Let N and M be manifolds, and g and h be embeddings of N in M . An ambient isotopy is a

continuous map F : M × [0, 1]→M taking g to h such that:

1. F0 is the identity map

2. Each map Ft is a homeomorphism from M to itself

3. F1 ◦ g = h

One can think of an ambient isotopy as a continuous distortion of ambient space.

Definition 4. Two knots K1 and K2 are said to be equivalent if there exists an ambient isotopy I : R3× [0, 1]→

R3 such that I(K1, 1) = K2.

Definition 5. The Reidemeister moves are defined as shown in figure 2:

Figure 2: Reidemeister moves type I, type II, and type III respectively.

Theorem 6 (Reidemeister [5]). Two knot diagrams represent the same knot if and only if there exists a finite

sequence of Reidemeister moves from one knot diagram to the other, consider up to isotopy.

In other words, if we can find a sequence of Reidemeister moves from one knot diagram to another knot diagram,

then those two knot diagrams represent the same knot. For example, in figure 1, Reidemeister’s theorem implies

that there exists a finite sequence of Reidemeister moves from the Gordian knot to the unknot.

1.3 Knot Invariants

From a practical viewpoint, Reidemeister’s theorem is not an effective way to distinguish between knots. As

an example, it is not immediately obvious as to which sequence of Reidemeister moves takes the Gordian knot

to the unknot. Instead, Reidemeister’s theorem is more commonly used to prove statements regarding knot

invariants, a more practical tool for distinguishing between knots.

Definition 7. Let J represent the set of all knots and S denote any other set. A knot invariant is a function

f : J → S which does not change as the knot is changed, considered up to isotopy.

In particular, if two knot diagrams have different knot invariants, then we can say with confidence that they

represent different knots. One example of a knot invariant is the stick number: the minimal number of sticks
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required to create a particular knot by gluing the ends of the sticks together. For instance, the stick number

of the trefoil knot (see figure 1) is 6, whilst the stick number of the unknot is 3, and so these two knots are

different since their stick number is different. Knot polynomials are also common knot invariants, and in the

next section we will introduce a particularly important one. It is important to note that a knot invariant can

never say if two knots are the same, only if they are different.

2 The Jones Polynomial

2.1 The Jones Polynomial

Discovered by fields medalist Vaughan Jones in 1984, the Jones polynomial is arguably the most famous and

important knot invariant in all of knot theory.

Theorem 8 (Jones, 1985). For any oriented link L there exists a unique invariant J which satisfies the following

properties:

1. J takes values over the ring Z[q1/2, q−1/2].

2. J(any unknot diagram) = 1.

3. The skein relation

(q1/2 − q−1/2)J(L0) = q−1J(L+)− qJ(L−)

is satisfied, where L+, L− and L0 are oriented link diagrams all of which are identical except in one small

region, as shown below:

Definition 9. The invariant which satisfies the properties described in Theorem 8 is called the Jones polynomial.

Example 10. Let U denote the unlink (the trivial link) with components:

Consider the following three oriented link diagrams L0, L−, and L+ shown below:

Each link diagram is identical except in the center region, and so the skein relation can be applied:
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Figure 3: L0, L−, and L+ respectively.

q−1J(L+)− qJ(L−) + (q
−1
2 − q 1

2 )J(L0) = 0.

By inspection we see that both L+ and L− are simply diagrams of the unknot, and so J(L+) = J(L−) = 1.

Also, L0 is identical to the original diagram of the unlink U , so we obtain

q−1 − q1 + (q
−1
2 − q 1

2 )J(U) = 0

And so the Jones polynomial of the unlink is

J(U) = −(q
−1
2 + q

1
2 )

Definition 11. The Kauffman bracket, denoted 〈L〉, of an unoriented link diagram L is a Laurent polynomial

in the variable A which satisfies the following 3 properties:

1. 〈 O 〉 = 1

2. 〈 〉 = A〈 〉 + A−1〈 〉

3. 〈O ∪ L〉 = (A2 −A−2)〈L〉

where O is the standard unknot diagram

Note: the Kauffman bracket is not a knot invariant.

Definition 12. Let L be an oriented link. We define the sign of a crossing of L in accordance with the following

schematic:

—

4



Definition 13. The writhe of an oriented link diagram L is given by w(L) =
∑
c sign(c) where c represents the

crossings of L.

Proposition 14. The Jones polynomial of an oriented link L is the Laurent polynomial J(L) ∈ Z[q1/2, q−1/2]

given by J(L) = [(−A)−3w(D)〈D〉] where D is any diagram of the link L and q1/2 = A−2.

2.2 Coloured Jones Polynomials

The coloured Jones polynomials are a way of generalising the Jones polynomials for any given knot with N-cables.

Definition 15. Let D be a diagram of a link K. For an integer m > 0, the m-cable of D, denoted Dm, is

obtained by taking m parallel copies of K, where D1 = D for m = 1.

Definition 16. Let D be a diagram of a link K. Denote the Kauffman bracket of Dm as 〈Dm〉, and let

w = w(D) be the writhe of D. Define the function

G(n+ 1, A) := ((−1)nAn
2+2n)−w(−1)n−1( A4−A−4

A2n−A−2n )〈Sn(D)〉,

where Sn(D) is a linear combination of blackboard cablings of D, obtained via the following Chebyshev recur-

rence relation, for n ≥ 0:

S0(x) = 1

S1(x) = x

Sn+1(x) = xSn − Sn−1

and where 〈Sn(D)〉 means extend the Kauffman bracket linearly in the sense 〈a1D1 +a2D2〉 = a1〈D1〉+a2〈D2〉.

Then the reduced n-th coloured Jones polynomial of K is obtained from G(n,A) via the substitution: t := A−4.

Definition 17. A quasi-polynomial f(n) is a function

f : N→ N, f(n) =
∑k
j=0 aj(n)nj

for some d ∈ N, where each aj(n) is periodic for j = 1, . . . , k.

Theorem 18 (Garoufalidis [4]). The maximal degree, d+JK(n), of the coloured Jones polynomial of a knot

K ⊂ S3 is quasi-quadratic.
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3 The slope conjecture

In this section we turn our focus to The Slope Conjecture, the central problem of this report.

Definition 19. Let S ⊂ S3 \K be an orientable and properly embedded surface, and K ⊂ S3 be a knot. Then

S is an essential surface if it is non boundary-parallel, incompressible, and boundary incompressible. If S is a

non-orientable surface, then it is an essential surface if in S3 \K, its orientable double cover is essential in the

sense as defined above.

Definition 20. Let S ⊂ S3 \K be an essential and orientable surface, where the boundary of S is nonempty

in S3 \ K. Denote the canonical meridian and longitude basis of ∂N(K) by µ and λ respectively. We call a

fraction p
q ∈ Q ∪ {1/0} a boundary slope of K if pµ+ qλ represents the homology class of ∂S in ∂N(K).

In other words, the boundary slope is the slope of an essential properly embedded surface in S3 \K.

Conjecture 21 (Garoufalidis [3]). Let K ⊂ S3 be a knot, and denote it’s set of boundary slopes as bsK . Set

d+JK(n) = aK(n)n2+2bK(n)n+cK and d−JK(n) = aK∗(n)n2+2bK∗(n)n+cK∗ to be the maximal and minimal

degree of the coloured Jones polynomial of K respectively. Define the Jones Slopes of K to be the sets of cluster

points jsK = {4aK(n)}′ and j∗sK = {4aK∗(n)}′. Then (jsK ∪ j∗sK ) ⊂ bsK .

In other words, the slope conjecture predicts that there exists a deep relationship between the algebraic and

topological properties of a knot.

Example 22. Consider the following sequence of coloured Jones polynomials for the Trefoil knot (one can use

the Mathematica Knot Theory package to verify that these coloured Jones polynomials are indeed correct):

J1 = −q−4 + q−3 + q−1

J2 = q−11 + · · ·+ q−2

J3 = −q−21 + · · ·+ q−3

...

We can therefore model the maximal degree of the coloured Jones polynomial for the trefoil knot as d+Jk(n) =

−n, and the minimal degree as d−Jk(n) = −3
2 n

2 − 5
2n, so the corresponding Jones slopes of the trefoil knot are

0 and −3
2 · 4 = −6. It has been proven that the boundary slopes of the trefoil knot are 0 and −6, which coincide

with the Jones slopes stated above.
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4 Knotted Trivalent Graphs

4.1 What are they?

Definition 23. A framed graph is a 1-dimensional simplicial complex Γ together with an embedding Γ → Σ

into a surface with boundary Σ as a spine.

Definition 24. A colouring of a trivalent graph Γ is a map σ : E(Γ)→ N, where E(Γ) denotes the set of edges

of Γ.

Definition 25. A Knotted Trivalent Graph (KTG) is a trivalent framed graph embedded, as a surface, into

R3, considered up to isotopy.

Figure 4: The different KTG operations.

Figure 5: The sequence of moves (Two framing changes F e+, F
e
+, and the unzip Ue) required to obtain the Hopf

link (as a KTG on the far right) from the theta KTG (on the far left).

Theorem 26 (D.Thurston [6]). It is possible to obtain any knotted trivalent graph by applying a sequence of

the three operations F e±, Aw, and Ue to the theta graph.

The theta graph (see figure 5) is the fundamental KTG since any other KTG can be obtain via a sequence

of the three operations depicted in figure 4. The first operation, F e±, is called a framing change and cuts Σ

transversal to an edge e, rotates by π, and reglues. The second operation, Ue, is called the unzip and doubles

an edge e along it’s framing, deletes it’s end vertices, and combines the result. The final operation, Aw, splits

a vertex w into a triangle.
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4.2 Obtaining Coloured Jones polynomials from KTGs

Definition 27. Let Γ be a Knotted Trivalent Graph with colouring σ. Then the coloured Jones polynomial of

Γ, 〈Γ, σ〉, is defined by the following four equations:

1. 〈Θ, a, b, c〉 = O
a+b+c

2

 a+b+c
2

−a+b+c
2 , a−b+c2 , a+b−c
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2. 〈F e±(Θ), σ〉 = f(σ(e))±1〈Γ, σ〉

3. 〈Ue(Γ), σ〉 = 〈Γ, σ〉
∑
σ(e)

Oσ(e)

〈Θ,σ(e),σ(b),σ(d)〉

4. 〈Aw(Γ), σ〉 = 〈Γ, σ〉4(a, b, c, α, β, γ)

Where we define [k] = v2k−v−2k

v2−v−2 and [k]! = [1][2] . . . [k] for k ∈ N, and [k]! = 0 if k /∈ N. Also the sym-

metric multinomial coefficient is the defined as:

a1 + a2 + · · ·+ ar

a1, a2, . . . , ar

 = [a1+a2+···+ar]!
[a1]!···[ar]! . The 0-framed , k-

coloured unknot is defined Ok = (−1)k[k + 1] = 〈O, k〉. The triangle move is defined 4(a, b, c, α, β, γ) =∑
z

(−1)z

(−1)
a+b+c

2

 z + 1

a+b+c
2 + 1

 −a+b+c
2

z − a+β+γ
2

 a−b+c
2

z − α+b+γ
2

 a+b−c
2

z − α+β+c
2

, whereby the summation range is finite

due to the binomial terms. Lastly, we define f(a) = i−av
−a(a+2)

2 .

Example 28. A calculation of the coloured Jones from the KTG.

As shown in figure 5, it is possible to obtain the Hopf link (KTG), with components coloured a and b, by

performing two positive framing changes on the edge e of the theta KTG, and then unzipping along e. We can

therefore represent the Hopf link H by the expression H = Ue(F e+(F e+(Θ))). Letting σ(e) = c, and using the

results from definition 27, we get:

〈H,σ〉 = 〈Ue(F e+(F e+(Θ))), a, b〉

=
∑

c

〈F e+(F e+(Θ)), a, b, c〉Oc

〈Θ, a, b, c

=
∑

c

〈F e+(Θ), a, b, c〉f(c)Oc

〈Θ, a, b, c〉

=
∑

c

〈Θ, a, b, c〉f(c)f(c)Oc

〈Θ, a, b, c〉
=

∑
c
f(c)2Oc

=

2a∑
c=0

v−c(c+2) v
2(c+1) − v−2(c+1)

v2 − v−2

Where in the last line we simply substituted in f(c) = i−cv
−c(c+2)

2 as described in definition 27.

Note: To obtain cancellation of the term 〈Θ, a, b, c〉 in the numerator and denominator, we impose the following

conditions: a+ b+ c is even, a+ b− c ≥ 0, b+ c− a ≥ 0, and a+ c− b ≥ 0, or simply that a+ b+ c is even and

0 ≤ c ≤ 2a.
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5 Results

5.1 Generating Knotted Trivalent Graphs

The approach used to investigate the slope conjecture was to systematically enumerate planar trivalent graphs

by the number of vertices. Each graph is 3-connected and has a perfect matching, with a choice of sign and

parity for the colouring on each edge of the perfect matching (see page 12 for examples of such graphs). After

calculating the coloured Jones polynomial for each KTG, it is then possible to determine an expression for the

maximal degree of the coloured Jones polynomial, and therefore obtain the Jones slope for the corresponding

knot. These results are contained in the tables below, as well as the colouring which induced the maximal

degree. Further investigation may involve enumerating more complex trivalent graphs for a variety of different

perfect matchings, and comparing the Jones slopes to existing results known for the boundary slopes of the

knot.

5.2 Degree analysis

Maple was used to determine the following tables of results, where n ∈ {0, 2, 4, 6}.

1. For graph 1 with framings and colourings depicted in figure 6, the following expression for the coloured

Jones polynomials was determined:

Jk(n+ 1) = (−1)n
∑

a,b

4(a, n, n, b, n, n)〈Θa, n, n〉f(a)2rf(b)−2s−1OaOb

〈Θ, a, n, n〉〈Θb, n, n〉

The following patterns were observed:

2r −2s− 1 Maximal degree Colouring (a, b)

2 −1 d+Jk = 2n2 + 4n (0, 2n)

2 −3 d+Jk = 6n2 + 8n (0, 2n)

2 −5 d+Jk = 10n2 + 12n (0, 2n)

2 −7 d+Jk = 14n2 + 16n (0, 2n)

4 −1 d+Jk = 2n2 + 4n (0, 2n)

4 −3 d+Jk = 6n2 + 8n (0, 2n)

4 −5 d+Jk = 10n2 + 12n (0, 2n)

4 −7 d+Jk = 14n2 + 16n (0, 2n)

Based on these results, we conjecture that the maximal degree can be modeled by the quadratic d+JK =

(4s+ 2)n2 + (4s+ 4)n.
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2. For graph 2 with framings and colourings depicted in figure 7, the following expression for the coloured

Jones polynomials was determined:

Jk(n+ 1) = (−1)n
∑

a,b,c

4(c, n, n, n, n, n)4(a, n, n, b, n, n)〈Θa, n, n〉f(a)2rf(b)2s+1f(c)2tOaObOc

〈Θ, a, n, n〉〈Θb, n, n〉〈Θc, n, n〉

The following results were observed:

2r 2s+ 1 2t Maximal degree Colouring (a, b, c)

2 1 2 d+Jk = 3
2n

2 − 3n (0, 0, 0), (0, n, 0)

2 3 2 d+Jk = 3
2n

2 − 3n (0, 0, 0)

2 5 2 d+Jk = 3
2n

2 − 3n (0, 0, 0)

4 1 2 d+Jk = 3
2n

2 − 3n (0, 0, 0), (0, n, 0)

4 3 2 d+Jk = 3
2n

2 − 3n (0, 0, 0)

4 5 2 d+Jk = 3
2n

2 − 3n (0, 0, 0)

4 1 4 d+Jk = 3
2n

2 − 3n (0, 0, 0), (0, n, 0)

4 3 4 d+Jk = 3
2n

2 − 3n (0, 0, 0)

4 5 4 d+Jk = 3
2n

2 − 3n (0, 0, 0)

3. For the family of arborescent knots with framings depicted in figure 8, the following expression for the

coloured Jones polynomial was determined:

Jk(n+1) =
∑

a,b,c,d

f(a)−2r−1f(b)2sf(c)−2t−1f(d)2u〈Θ, a, b, n〉OaObOcOd

〈Θ, a, n, n〉〈Θ, b, n, n〉〈Θc, n, n〉〈Θ, d, n, n〉4(a, n, b, n, n, n)−2
4(c, n, n, n, n, n)4(d, n, n, n, n, n)

The following results were observed
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−2r − 1 2s −2t− 1 2u Maximal degree Colouring (a, b, c, d)

−3 2 −3 2 d+Jk = 12n2 + 12n (2n, n, 2n, 0)

−3 4 −3 2 d+Jk = 11n2 + 10n (2n, n, 2n, 0)

−3 6 −3 2 d+Jk = 10n2 + 8n (2n, n, 2n, 0)

−3 2 −3 4 d+Jk = 12n2 + 12n (2n, n, 2n, 0)

−3 2 −3 6 d+Jk = 12n2 + 12n (2n, n, 2n, 0)

−3 4 −3 4 d+Jk = 11n2 + 10n (2n, n, 2n, 0)

−3 4 −3 6 d+Jk = 11n2 + 10n (2n, n, 2n, 0)

−3 6 −3 6 d+Jk = 10n2 + 8n (2n, n, 2n, 0)

−1 2 −3 2 d+Jk = 8n2 + 8n (2n, n, 2n, 0)

−1 2 −5 2 d+Jk = 12n2 + 12n (2n, n, 2n, 0)

−1 2 −7 2 d+Jk = 16n2 + 16n (2n, n, 2n, 0)

−3 2 −1 4 d+Jk = 8n2 + 8n (2n, n, 2n, 0)

−3 2 −5 2 d+Jk = 16n2 + 16n (2n, n, 2n, 0)

−3 2 −7 2 d+Jk = 20n2 + 20n (2n, n, 2n, 0)

−1 2 −1 2 d+Jk = 4n2 + 4n (2n, n, 2n, 0)

−1 4 −1 4 d+Jk = 4n2 − 2n+ 4 (2n, n, 2n, 0), (2n− 2, n− 2, 2n, 0)
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a

b

2r

−2s− 1

Figure 6: Graph 1

a

b

c
2r

2s+ 1

2t

Figure 7: Graph 2

a
−2r − 1

b
2s

−2t− 1 c d 2u

Figure 8: Graph 3
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