Modelling the spread of drug
resistance among malaria parasites
Benjamin Metha
Supervised by Dr. Jennifer Flegg
University of Melbourne

Vacation Research Scholarships are funded jointly by the Department of Education and Training
and the Australian Mathematical Sciences Institute.

1

Abstract

In this paper, a new model for how malaria spreads through a population is developed, based on a model that
has been previously used. Using this new model, the proportion of clinically infected people with access to
antimalarial drugs was varied in regions with different intensities of malaria. The time taken for drug resistance
to emerge, and the total number of people helped by a drug before drug resistance emerges, was determined.
We found that drug resistance emerges fastest in regions where malaria is less common, and most people seek
drug treatment when infected. We also discovered that to cure the most people over time, the proportion of
infected people with access to the drug should be kept low, depending on how long the drug is intended to last.
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Introduction

Malaria is one of the worlds’ deadliest diseases, killing 445,000 people in 2016 [1]. Many measures are already in
place to control the spread of malaria, including the use of bed nets, insecticides and larvicides, and antimalarial
drugs. Drugs have also been proposed as a tool to eliminate malaria in mass drug administration campaigns [2].
However, every time a drug is used, it exerts selection pressure that favours drug-resistant strains of a parasite.
It takes about 10-15 years for drug resistance to emerge in a region, depending on the prevalence of malaria
and mosquitoes in that region, and on treatment policies of that region [3].
Resistance has already been observed for all known classes of antimalarial drugs. If - or when - resistance
to the current firstline drugs spreads globally, humanity may be faced with untreatable malaria, until a new
antimalarial is discovered [4] [5].
Various mathematical models for the way that drug resistance emerges have been proposed, ranging from
complex stochastic spatial simulations to simple deterministic models powered by ordinary differential equations
(ODEs). These are discussed in Section 3. In this paper, a new ODE-based model is presented that models the
emergence of drug resistance through the spread of a drug-resistant strain of malaria (Section 4). In Section
5, the equilibrium points of this model are found and their stability is analysed, and the ramifications for the
possibility of using drugs to eliminate malaria is discussed briefly. This model is then modified to better capture
the behaviours of people who take drugs (Section 6), and this modified model is used to investigate the time
taken for drug resistance to emerge as prevalence of malaria and drug availability vary, and determine how
access to a new drug ought to be regulated so that it can help the greatest number of people in the long run
(Section 7). Discussions are presented in Section 8.

3

Literature review

One of the first teams of researchers to use differential equations to model the spread of disease were W. O.
Kermack and A. G. McKendrick [6]. In their landmark paper in 1927, they proposed the SIR (SusceptibleInfected-Recovered) model, a set of coupled ODEs that describe how an epidemic spreads through a population.

1

Kermack and McKendrick’s model is very general and easy to use, requiring only two constants and a set of
initial conditions. This work has become the base model that has been adapted and extended by epidemiologists
around the world to model epidemics of all kinds of diseases. Basic extensions include making disease recovery
periods temporary (SIRS model), and adding noninfectious exposure periods (SEIR model) [7].
In 2009, the computer program EMOD (Epidemiological MODelling software) [8] was developed by the
Institute for Disease Modelling following the 2007 announcement from the Bill and Melinda Gates foundation
of their goal to eliminate malaria globally [9]. This simulation software uses a large amount of data to model
region-specific factors, including climate and weather data, mosquito populations, and the migration habits
of individuals. Since its invention, many researchers have employed EMOD to investigate the effectiveness of
various strategies for the control and elimination of malaria, so that governments and not-for-profits can make
an informed decision on what strategies to use [2] [10].
Another model, developed by White et al. in 2009, seeks to capture the emergence of drug resistance without
the complexity of EMOD. Theirs is a variation of the SIRS model with four different categories, designed to
focus on how drug resistance emerges in regions where malaria is present. In this model, people can either be
susceptible (S), recovered (R), or have a first-time (I1 ) or second-time infection (I2 ). The period of time it
takes a person treated with a drug to recover is also modelled as a differential equation that increases over time
[11]. Figure 1 shows a flow diagram of this model.

Figure 1: Schematic of the model in White et al. People move from the susceptible class to the first-infection
class to the recovered class. Once they have recovered, they can either develop a second infection (likely to be
asymptomatic), or their immunity can fade, returning them to the susceptible class.
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New models for how antimalarials effect the spread of malaria

While the model developed by White et al. simulates drug resistance as a slow decrease in the efficacy of
drug over time, the model presented in this paper assumes that there already exists a drug resistant strain of
malaria - at first very rare in a population - that increases in prevalence as widespread use of the drug becomes
common. This assumption has some precedent - it is used to model drug resistance in [12], and there is growing
evidence that strains of staph resistant to penicillin existed prior to the use of penicillin as an antibacterial. In
this model, it is assumed that the drug resistant strain has equal fitness when compared to its non-resistant
counterpart when no drug is present, as assumed in [13].
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4.1

Single strain model

Before developing a two-strain model, it is important to have a solid baseline model for how malaria spreads.
This model is based on White’s model, but restructured so as to better capture the physical difference between
first-time and second-time infections.
In White’s model, the only difference between the first infection and second infection classes is the proportion
of infections that are clinical, and the only difference between clinical and subclinical infections is that people
with clinical infections are able to take drugs (Figure 2). In this paper, a clinical infection is any case of
malaria that causes symptoms, such as fever, and a subclinical infection is an infection with malaria where
the concentration of parasites is too low to induce symptoms. To create our single-strain model for how
malaria spreads, factoring in the benefits of having access to a drug while ignoring the emergence of drug
resistance, White’s model was re-organised, replacing the I1 and I2 classes with two new classes - clinical
infections (I), for people with malaria that have symptoms, and subclinical infections (C), for carriers of
malaria with asymptomatic infections (Figure 3). People who were in the susceptible category were more likely
to develop clinical infections than subclinical ones, while people in the recovered category were more likely to
acquire subclinical infections. By restructuring the model in this way secondary differences between clinical and
subclinical infections could also be accounted for. For example, people with subclinical cases of malaria are less
infective than people with clinical cases [14]. In this implementation, it was assumed that the time taken to
recover from a subclinical infection with no treatment is the same as the time taken to recover from a clinical
infection without treatment. In reality, this is probably not the case. Infections that cause symptoms generally
have a higher parasite density than those that do not, and if a person has more parasites in their body, then
an infection should take longer to clear [14].

Figure 2: White et al’s model, unpacked. The only difference between the first-infection and second-infection
categories is the proportion of people in each category with clinical infections.
White et al’s model is also contradictory to most SIR models in that people in the recovered category are
just as likely to get malaria as people in the susceptible category. In this sense, this model is closer to an SIS
model, with two different kinds of infected and susceptible classes. In the new model, people who have recovered
are allowed to be slightly resistant to malaria through the addition of an attenuation factor, a. This value is set
between 0 and 1, and acts to decrease the infection rate β for people in the recovered category. Explanations
for all of the parameters that appear in these equations are supplied in Table 1, along with the values used for
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Figure 3: The new model. When a susceptible person is infected, they are more likely to develop a symptomatic
infection than a person with a resistance to the disease. Dotted lines represent treatment with a drug - a
“shortcut” to becoming healthy. It is on this model that all further models in this paper are based.

every parameter that was kept constant throughout the simulations.
Other assumptions made include:
• No spatial dependence.
• All humans are equally susceptible and transmissive to all diseases - there is no individual factors or age
dependence.
• Mosquito population does not vary seasonally.
• There is a very large mosquito population - so large that we can model this disease as being transferred
from human to human.
• Population sizes are large. This is an assumption taken in every SIR-based model.
• No exposure periods - see Section 4.3.
• Population size remains constant.
• Malaria does not cause death. Although this assumption is false, the proportion of malaria infections that
are fatal in regions where malaria is common can be as low as 0.6% [13]. This assumption makes keeping
the population size constant a lot simpler.

4

The equations that describe this model are shown here, with commentary:
dS
= −β(I + hC)S +
|
{z
}
dt
first-time infections

µ(1 − S)
| {z }

+

births and deaths

1
R
dim
| {z }

fading immunity

dI
= β(I + hC)[Pr1 S + aPr2 R] −pdrug γdrug I − (1 − pdrug )γI − µI
|
{z
} |
dt
|
{z
}
{z
} |{z}
clinical infections

recovery due to drug

dC
= β(I + hC)[(1 − Pr1 )S + a(1 − Pr2 )R]
|
{z
}
dt
subclinical infections

−(γ + µ)C
| {z }

natural recovery and deaths

dR
= −aβ(I + hC)R + γC + (pdrug γdrug + (1 − pdrug )γ)I
{z
}
|
dt
|
{z
}
second-time infections

Symbol

deaths

natural recovery

recovering patients

1
−(µ +
)R
d
{z im }
|

fading immunity and deaths

Meaning

Value

β

Infection rate - proportional to the biting rate of mosquitos in a population

Varied

h

How infective carriers are compared to people with a clinical infection

µ

Birthrate/deathrate - the reciprocal of life expectancy (assumed to be 50 years)

0.4
1
50×365

dim

Duration of immunity - how long immunity lasts for after an infection of malaria.

400

Pr1

Chance that a person gets a clinical infection if they are in the “susceptible” category

0.87

Pr2

Chance that a person gets a clinical infection if they are in the “recovered” category

0.08

pdrug

Proportion of the infected population who takes or is given a drug

Varied

γdrug

Recovery rate for patients who are treated with the drug

1
14

γ

Recovery rate for patients who are not treated

1
180

a

Attenuation factor that gives people in the ”Recovered” category a partial resistance

0.7

- absent in White’s model
Table 1: The parameters used in simulations and their values.

4.2

Adding a drug resistant strain

Most authors agree that the genetic mutations that give rise to drug-resistant strains of a disease are rare.
Often, drug resistance only arises after several mutations have developed [4]. However, a back of the envelope
calculation estimates the total number of malaria parasites on Earth to be approximately 300 quadrillion, by
estimating the number of people sick with malaria and the number of malaria parasites that reside in each. Even
if there was only a one in a trillion chance of a malaria parasite evolving a resistance to an as-yet undiscovered
drug, the number of malaria parasites with resistance to that drug would be close to 300,000.
In this simulation, we assume that the strain with drug resistance is equally fit compared to the other strain
when no drug is present. This assumption has been used previously by those researching drug resistance in
malaria [13]. We also assume that the drug-resistant strain is entirely resistant to the drug, and if a person takes
antimalarials while exposed to this drug, there will be no effect. This model only takes into account one kind
5

of antimalarial drug. Further, all patients who are treated with drugs are assumed to comply completely with
the directions of medical professionals and receive the correct dosage. Finally, for simplicity, we assume that
once a person is infected with one strain of malaria, they cannot be infected with another strain. A flowchart
showing how people move between the six classes in this model is shown in Figure 4.

Figure 4: The full model for how malaria spreads under the presence of a drug-resistant strain of malaria. Note
that births and deaths are not shown.

6

The equations for this model are:
dS
= −β[I1 + I2 + h(C1 + C2 )]S +
|
{z
}
dt
first-time infections

fading immunity

pdrug γdrug I1
{z
}
|

recovery due to drug

dI2
= β(I2 + hC2 )[Pr1 S + aPr2 R]
|
{z
}
dt

1
R
dim
| {z }

+

births and deaths

dI1
= β(I1 + hC1 )[Pr1 S + aPr2 R] −
|
{z
}
dt
drug-sensitive clinical infections

µ(1 − S)
| {z }

− ((1 − pdrug )γ + µ)I1
{z
}
|

natural recovery and death

−(γ + µ)I2
|
{z
}

drug-resistant clinical infections natural recovery and death

dC1
= β(I1 + hC1 )[(1 − Pr1 )S + a(1 − Pr2 )R]
{z
}
|
dt
drug-sensitive subclinical infections

dC2
= β(I2 + hC2 )[(1 − Pr1 )S + a(1 − Pr2 )R]
|
{z
}
dt
drug-resistant subclinical infections

dR
= −aβ[I1 + I2 + h(C1 + C2 )]R +
|
{z
}
dt
second-time infections

4.3

−(γ + µ)C1
|
{z
}

natural recovery and death

−(γ + µ)C2
|
{z
}

natural recovery and death

pdrug γdrug I1
|
{z
}

recovery due to drug

+ γ((1 − pdrug )I1 + I2 + C1 + C2 )
|
{z
}
natural recovery

1
−(µ +
)R
dim
|
{z
}

fading immunity and death

Adding exposure periods

Malaria is often used as the poster example for diseases with a noninfectious exposure period. When malaria is
first contracted, the parasite first grows and develops in the liver for 5-16 days before entering the bloodstream
[15]. During this period, the host develops no symptoms, and is not infective to mosquitoes. Traditionally, a
situation is modelled using four ODEs, similar to the SIR model but with a fourth class for exposed individuals
(the SEIR model) [7]. To incorporate the exposure period into the new model, delay differential equations
(DDEs) were used instead. This made sure that the time a disease spent in the “exposed” category stayed
constant for all people at two weeks, and kept the number of equations I had to deal with for each model the
same.
For the single-strain model, including an exposure period of τ , the equations are:
S 0 (t) = −β(I(t) + hC(t))S(t) + µ(1 − S(t)) +
{z
}
|
{z
}
|
first-time infections

births and deaths

1
R(t)
dim
| {z }

fading immunity

I 0 (t) = β(I(t − τ ) + hC(t − τ ))[Pr1 S(t − τ ) + aPr2 R(t − τ )] −pdrug γdrug I(t) − (1 − pdrug )γI(t) − µI(t)
|
{z
}|
{z
} |
{z
} | {z }
clinical infections with delay τ

recovery due to drug

C 0 (t) = β(I(t − τ ) + hC(t − τ ))[(1 − Pr1 )S(t − τ ) + a(1 − Pr2 )R(t − τ )]
|
{z
}
subclinical infections with delay τ

R0 (t) = −aβ(I(t) + hC)R + γC(t) + (pdrug γdrug + (1 − pdrug )γ)I(t)
|
{z
} |
{z
}
first-time infections

recovering patients

natural recovery

−(γ + µ)C(t)
|
{z
}

natural recovery and deaths

1
−(µ +
)R(t)
dim
|
{z
}

fading immunity and deaths
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deaths

For comparison, this model was ran against the single-strain model with no exposure period with the same
parameters in MATLAB using the inbuilt delay differential equations solver dde23. The initial function for this
system of coupled DDEs was set to be constant and equal to the initial condition given to the original model
([S, I, C, R] = [0.25, 0.25, 0.25, 0.25]). The results of both simulations are plotted in Figure 5. Qualitatively,
both models seemed to behave very similarly. This is probably because most simulations were run over tens
of years, and so a difference in two weeks in the onset of infections did not really change the results. Similar
behaviour was also observed between a two-strain model including DDEs and the two-strain model described
in the previous section. For this reason, exposure periods were not included in later models.

Figure 5: Comparing the effects of having a delay period in the model. When delays are included, the resulting
curves are more chaotic, but the long term behaviour of both systems are similar. For this simulation, β =
0.014, pdrug = 0.06 and for the model that includes delays, τ = 14. Other parameters are as shown in Table 1.
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5

Equilibrium analysis

For each of the two ODE-based models (as described in Sections 4.1 and 4.2), the equilibrium points were found,
and their stability was determined. For the one strain model, this was done analytically. For the two strain
model, this was done entirely using numerical methods.

5.1

Stability of disease-free equilibrium - single-strain model

In the single-strain model, for any choice of our parameters, there will always be an equilibrium solution when
the system is disease-free - namely, [S, I, R, C] = [1, 0, 0, 0]. In this section, the system is linearised, and the
nature of the equilibrium point is found by determining the sign on the eigenvaules of the Jacobian matrix of
this system at this point.
For convenience of notation, throughout this analyssi we let G = pdrug γdrug + (1 − pdrug )γ.
At the point S = 1, I = 0, C = 0, R = 0, the Jacobian for the single-strain model is:


1
−µ
−β
−βh
d
im










 0 β Pr1 −(G + µ)

βh Pr1
0










 0

β(1 − Pr1 )
βh(1 − Pr1 ) − (γ + µ)
0










1
 0
G
γ
−( dim
+ µ)


1
Two of this matrix’s eigenvalues will always be negative; these are −µ and −( dim
+ µ). The other two are the

roots of the quadratic:
[βPr1 − (G + µ) − x][βh(1 − Pr1 ) − (γ + µ) − x] − β 2 hPr1 (1 − Pr1 ) = 0
This quadratic is of the form [A − x][B − x] − C = 0, where
A = βPr1 − (G + µ),
B = βh(1 − Pr1 ) − (γ + µ), and
C = β 2 hPr1 (1 − Pr1 )
Expanding this out and using the quadratic formula, we see it will have two solutions:
x=

p
1
[(A + B) ± (A + B)2 − 4(AB − C)]
2

We wish to know the conditions under which both of these solutions are negative real numbers, as this will
give us a stable equilibrium point. The actual magnitude of the solutions does not concern this analysis. For
this reason, we may ignore the factor of

1
2

entirely.
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First, we show that the solutions to this equation must always be real. Since all of our constants are real,
the only time our solution will have an imaginary part is if (A + B)2 − 4(AB − C) is negative. However,
(A + B)2 − 4(AB − C) = A2 + 2AB + B 2 − 4AB + 4C
= A2 − 2AB + B 2 + 4C
= (A − B)2 + 4C > 0
since C > 0 for all physical values of our parameters (β > 0, h > 0, 0 ≤ Pr1 ≤ 1).
By looking at the sign of the term AB − C, we can determine whether the two solutions of this quadratic
p
will have the same or different sign. If AB − C < 0, the magnitude of (A + B)2 − 4(AB − C) will be greater
than the magnitude of A + B, and so our two solutions will have different signs. If AB − C > 0, then our two
solutions will have the same sign, and this sign will be the same as the sign of A + B. If AB − C = 0, then our
two solutions will be 0 and A + B. So for both of our solutions to be negative, we need AB − C to be positive
and A + B to be negative.
The value of AB − C is:
(βPr1 − (G + µ))(βh(1 − Pr1 ) − (γ + µ)) − β 2 hPr1 (1 − Pr1 )
= β 2 hPr1 (1 − Pr1 ) − (G + µ)βh(1 − Pr1 ) − (γ + µ)βPr1 + (G + µ)(γ + µ) − β 2 hPr1 (1 − Pr1 )
= (G + µ)(γ + µ) − (G + µ)βh(1 − Pr1 )) − (γ + µ)βPr1
Dividing both sides by (G + µ)(γ + µ) will preserve the sign of this expression. So AB − C will be positive when
βh(1−Pr1 )
β Pr1
Pr1
+ βG+µ
< 1.
G+µ ) > 0; that is, when
γ+µ
βh(1−Pr1 )
β Pr1
Both
and G+µ must be strictly positive for all
γ+µ
βh(1−Pr1 )
β Pr1
Pr1
1)
+ G+µ < 1, we know that both βh(1−Pr
< 1 and βG+µ
γ+µ
γ+µ

1)
+
1 − ( βh(1−Pr
γ+µ

physical values of our parameters. So when
< 1. This tells us that A = β Pr1 −(G+µ) < 0

and B = βh(1 − Pr1 ) − (γ + µ) < 0. Hence A + B is negative, and

βh(1−Pr1 )
γ+µ

+

β Pr1
G+µ

< 1 is necessary and

sufficient condition for the stability of the disease-free equilibrium point.
It is useful now to make analogy to the value R0 used in analysis of the SIR model. This value represents
the number of new infections that are likely to emerge from a single infected individual over the course of their
infection, in an otherwise susceptible population. If this number is greater than one, an epidemic is expected;
if it is less than one, the disease is expected to die out [16]. We can see that
function for the new model. The term
single carrier, and the term

β Pr1
G+µ

βh(1−Pr1 )
γ+µ

+

β Pr1
G+µ

serves a similar

represents the number of carriers expected to be created by a

represents the number of clinical infections likely to be generated by a single

clinically infected person. For the rest of this paper, we will refer to

5.2

βh(1−Pr1 )
γ+µ

βh(1−Pr1 )
γ+µ

+

β Pr1
G+µ

as R0 .

Bifurcation diagram for single-strain model

For this model, equilibrium points were found numerically, using MATLAB’s fsolve function with the LevenbergMarquardt algorithm, with initial points evenly spread inside the space S + I + C + R = 1 at various infection
rates. When R0 was below 1, only the disease-free equilibrium was present, and this equilibrium was stable.
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When R0 was greater than 1, two equilibria were seen - the now unstable equilibrium point at [S, I, R, C] =
[1, 0, 0, 0], and a second, stable equilibrium. A bifurcation diagram for this disease that shows the number of
susceptible people at equilibrium is shown below (Figure 6). Figure 7 shows two simulations - one in which R0
is less than one, and one in which R0 is greater than one. In these simulations, a proportion of 10% of people
with clinical infections are treated with the drug (pdrug = 0.1).

Figure 6: A bifurcation diagram for the single-strain model when pdrug = 0.1, showing R0 .

5.3

Two-strain model

In the two-strain model, the condition for the stability of the disease-free equilibrium was slightly different to
that of the single-strain model. The equation for R0 became:
R0 =

βh(1 − Pr1 ) + Pr1
γ+µ

This is the same as the equilibrium condition for the single-strain model when no drug is present.
The process described in Section 5.2 was repeated for the two-strain model. As before, when R0 was below 1,
only the disease-free equilibrium was present and it was stable - however, when the infectivity β was increased,
three equilibria emerged. One of these was the disease-free equilibrium point, one was the previously-stable
equilibrium point that comes about when the second-strain of the disease was not present, and the final one
was a stable equilibrium, in which only the drug-resistant strain of malaria existed (Figure 8). In this stable
equilibrium, the final values of S, I2 , C2 and R were equal to the values of S, I, R and C in the single strain
model when the drug is not present. Some other equilibrium points were found for this model, but none of
them had the values of all six variables adding up to 1, so they were deemed to be unphysical. Figure 9 shows
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two simulations with two different unstable equilibria - one in which malaria seems to disappear before a drugresistant strain emerges, and one in which the proportion of people in the population affected by malaria drops
down due to the use of this drug, before drug-resistance emerges.

Figure 7: Comparing the effects of increasing R0 . In the first simulation, β = 0.006. In the second simulation,
β = 0.023. Here we see that in regions where malaria is more common, the proportion of people with subclinical
infections increases, as expected.

When R0 is more than one for the drug-resistant strain but less than one for the regular strain, our model
transforms from a model for how the burden of malaria can be reduced by the use of a drug to a model for
how malaria can be eliminated in a region by the use of a drug. Overall, this model is very pessimistic. If a
region has malaria before a drug is invented, and there is a nonzero chance of drug resistance emerging, then
eventually the drug resistant strain is guaranteed to dominate, returning the system to its equilibrium solution
before the drug was created.
12

Figure 8: A bifurcation diagram for the two-strain model, showing how R0 differs between the two strains.

To make this model more accurate, the assumption that the population is infinitely large must be discarded.
A parameter for the total number of people in the population, N , must be added. If the total number of people
infected to any degree with any strain of malaria (N × (I1 + I2 + C1 + C2 )) fell below 1, there would be no people
with malaria in the region, and we could call our elimination campaign a success. However, if large amounts
of antimalarials were used in an unsuccessful malaria elimination campaign, this could reduce the time it takes
drug resistance to arise in an area.
When the proportion of people who take drugs is set to zero, the equations for how each strain of malaria
changes over time become identical. In this case, there is no difference between a person who is infected with
the first strain of malaria as opposed to its drug resistant counterpart. Equilibrium solutions could contain
malaria parasites of only the first strain, only the second strain, or any mixture of the two.
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Figure 9: Comparing the effects of increasing R0 in the two-strain model. In the first simulation, we see how
malaria appears to be eliminated before the second, drug-resistant strain emerges (β = 0.01). In the second
simulation, the disease seems to be temporarily under control before drug resistance arises (β = 0.016). We
can see that after drug resistance emerges, the values of S, I2 , C2 and R approach the initial values of S, I1 , C1
and R before the drug was available. In these simulations, the probability of a malaria parasite having drug
resistance before the drug is used is one in a million.

6
6.1

Improving the models
Probability vs. proportion

Up until now, the parameter pdrug in these equations has represented the proportion of people with clinical
infections who are given drugs. In all models discussed so far, this proportion is constant. A way of interpreting
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this is to say that every day, every person with clinical malaria asks for treatment, and the treatment is only
given to a fixed proportion of people. This, however, is not a good assumption.
In reality, the decision to take drugs is not a day-to-day decision. Malaria is a painful disease. If a person
does not receive treatment on the first day of their infection, it is because they do not have access to it, or
because they do not want it, and they probably will not be willing/able to take drugs at any later period of
their infection. For this reason, it makes more sense to divide the population of clinically infected people into
two more categories - those who can be treated (T ), and those who cannot (U ). Everyone who has access to
treatment is assumed to begin a course of treatment on their first day, and everyone who does not have access
to treatment at the start of their infection is not permitted to have access to treatment until after their infection
has subsided. A flow diagram for this new model with single-strain malaria is shown in Figure 10.

Figure 10: A flow diagram for a new model. When a susceptible person is infected for the first time, there is a
probability of Pr1 pdrug that they move to the “treatable” class (T ), a probability of Pr1 (1 − pdrug ) that they
move to the “untreatable” class (U ), and a probability of 1 − Pr1 that they develop a subclinical infection (C).
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The equations for this model are:
dS
= −β(U + T + hC)S +
|
{z
}
dt
first-time infections

µ(1 − S)
| {z }

births and deaths

+

1
R
dim
| {z }

fading immunity

dT
= β(U + T + hC)[Pr1 pdrug S + aPr2 pdrug R]
dt
{z
}
|

−γdrug T
| {z }

untreatable clinical infections

dC
= β(U + T + hC)[(1 − Pr1 )S + a(1 − Pr2 )R]
|
{z
}
dt

recovering patients

−(γ + µ)T
| {z }

natural recovery and deaths

−(γ + µ)C
| {z }

natural recovery and deaths

dR
= −aβ(U + T + hC)R + γ(C + U ) + γdrug T
|
{z
} |
dt
{z
}
second-time infections

death

treatment

treatable clinical infections

dU
= β(U + T + hC)[Pr1 (1 − pdrug )S + aPr2 (1 − pdrug )R]
dt
{z
}
|

subclinical infections

−µT
| {z }

1
−(µ +
)R
d
|
{z im }

fading immunity and death

and the equations for its two-strain counterpart are analogous.
Note that if h (the relative infectivity of people with subclinical infections as compared to those with clinical
infections) is set to 1, the equations for how people flow into and out of the “Subclinical” class (C) becomes
identical to those for the “Clinically infected but untreated” class (U ). Because of this, the two categories can
be combined, reducing this model to a system of four coupled ODES. In fact, this system becomes identical to
the original single-strain model when h = 1, but with Pr1 and Pr2 replaced with Pr1 pdrug and Pr2 pdrug , and
with pdrug replaced with 1.
This model was run against the original model with identical values of pdrug = 0.6, to illustrate how the
results change. In the new model, the proportion of people who were treated at equilibrium was 10.8% - far
lower than the 60% in the original model (Figure 11). To make the final proportion of people who take drugs
equal to 60%, 95% of the population was required to have access to drugs.
In White et al’s original paper, the proportion of people with clinical infections in both the first and second
infection category are also fixed. But because people with clinical infections are able to seek out drugs and
recover faster, the proportion of people with clinical infections should be less than the probability that an
infection is clinical.
Because of the vast difference in the outcomes of these simulations, and because the second model seemed to
better describe the realities of people in regions where malaria was prominent, the five-class single strain model
and its seven-class two-strain counterpart were used for the final simulation.
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Figure 11: Demonstrating the effects of splitting infected people into ‘Treatable’ and ‘Untreatable’ categories. In
the first simulation, the proportion of people who take drugs is constant (pdrug = 0.6). In the second simulation,
instead, 60% of people are placed in the “Treatable” class, where they recover a lot faster than those who are
not treated. These simulations were ran with an infection rate of β = 0.04.
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Results

Using this new model, a simple question was asked: what proportion of people in a population should be given
a new drug so that the total number of clinical cases averted before drug resistance emerges may be maximised?
Several simulations were run using an implementation of these ODEs in MATLAB, varying the value of β
from 0.007 to 0.05, and changing the value of pdrug from 0 to 1. Other parameters were given values listed in
Table 1. Initially, this simulation was run for 100 years. Drug resistance was assumed to have been reached
when the proportion of the population being treated by the drug dropped below a threshold value of 10−5 .
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After this point, almost all of the malaria would be of the drug-resistant variety, and so the drug would be
almost always ineffective. Changing this threshold value would change the values of the time taken for drug
resistance to emerge, but the trends observed would remain the same. For each value of β and pdrug , the time
it took for resistance to emerge, and the number of people treated before resistance arose was calculated. The
results are shown for regions of low, medium and high amount of malaria below (Figure 12).
Several features of these graphs deserve comment. At each value of β, there is one single, well-defined peak,
where the proportion of the population with access to drugs is optimal to help cure the most lives over 100
years. When β = 0.007, this was equal to 11%. When β = 0.010, this was equal to 26%, and when β = 0.038,
this was equal to 47%. These proportions were lower than expected. Moreover, when the infection rate was
increased, the optimal proportion of people to treat to save the most people over 100 years also increased.
This is because the time taken for drug resistance to emerge in a region increases as the presence of malaria
in that region increases. At first, this may seem counter-intuitive, as regions with more malaria should have
more chance of having a drug-resistant strain of malaria. However, in regions where malaria is very common,
resistance to malaria is also very common. Most of the population will have at least a partial resistance to the
disease, and subclinical infections will be very common - as many as 80% of infections may be subclinical [14].
In these regions, although there is more malaria, less people will feel symptoms from malaria infections, and
so the demand for drug will be far lower, decreasing the selection pressure for a drug-resistant strain. These
results echo real-world observations - most drug resistance in malaria parasites have emerged not in Africa,
where malaria is holoendemic, but in southeast Asia, where malaria is less common [4] [17]. Once the infection
rate rose above a specific value, no drug resistance emerged in 100 years, and the optimal proportion of people
to treat in a region became 100%.
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Total number of people helped by the drug

β = 0.038

β = 0.010

β = 0.007

Time taken for drug resistance to emerge

Figure 12: Using our model to determine the time taken for antimalarial drug resistance to emerge (left) and
the total number of population counts treated before drug resistance emerges (right) in regions with varying
infection rates. The simulations were only allowed to run for 100 years.

These simulations were then re-run with a new criterion for drug resistance. This time, drug resistance was
defined to emerge when over half of the people who had access to treatment had the drug-resistant strain of
malaria. Using this definition the simulation ran for 200 years. The time taken for drug resistance to emerge
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and the total number of people helped by this drug in 200 years were recorded. The results are shown below
(Figures 13 and 14).

Figure 13: Time taken for the drug resistant strain to emerge in a region, as a function of the proportion of
people in that region who have access to drugs, and the infectivity of the region. As malaria becomes more
common in a region, the time taken for drug resistance to emerge increases. As the proportion of people with
access to a drug in a region increases, the time taken for drug resistance decreases.
Changing the time frame of this simulation made a significant difference, especially in regions where malaria
was more common. At β = 0.038, the ideal proportion of people to treat dropped from 0.47 to 0.09. The
huge difference in these two values suggests that policy makers have the power to decide how long it takes
drug resistance to emerge by choosing how many people they allow to have access to the drug. By electing to
distribute drugs to a higher proportion of people, we may cure many people in the immediate future, but less
in the long run.
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Figure 14: The total number of people helped by a drug over a 20-year period, as a function of the proportion
of people in that region who have access to drugs, and the infectivity of the region. For each infectivity, there
exists an optimal proportion of people who should be given access to the drug so as to cure the most people in
this time period.
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Discussion

Through these simulations, a trade-off was observed between the number of people that can be cured through
the use of drugs now, and the total number of people who can be cured by the same drug in the future. These
results allowed us to re-imagine drug resistance not as an inescapable tragedy, but as a choice, as something
that drug distributors and policy makers have the power to select.
This paper also raises several ethical questions. From a utilitarian point of view, are we expected to resist the
temptation to heal the people who we see are suffering, in order to prevent more suffering in future generations?
And how far into the future should we allow ourselves to forecast? Should policy makers choose the proportion
of people with access to drugs to save the most lives over 100 years? 200 years? Or just one election term?
In regions with low infection rates, caution is advised when determining how many people are allowed access
to a novel treatment. The more people are allowed access to a drug, the faster drug resistance will emerge, and
once it has emerged in that region, it is able to spread. Moreover, drug-resistant strains of malaria are very
difficult to eliminate. Often it is only by eliminating all malaria in a region that a drug resistant strain can be
eradicated. [13]
In these simulations, too, the proportion of people who take drugs was always constant. No allowance was
made for the proportion of people with access to the drug to vary as drug resistance became more common.
Perhaps there is a more optimal function for how many people should be given the drug as drug-resistance
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evolves.
This paper has focused more on using drugs for disease control rather than elimination. While it is possible
to use this model for simulating drug resistance campaigns, it will never be as powerful as software like EMOD
that has been specifically designed to allow governments to test out potential disease elimination campaigns.
This model is, all in all, very preliminary. It does not capture every aspect of the way malaria epidemics
spread, and makes no attempt to. Improvements that could be made include adding seasonal variation by
changing our β from a constant to a periodic function that varies annually, or adding a population of infectious
mosquitoes who transmit infections from sick humans to healthy ones. It is definitely worthwhile to replicate
this simulation in EMOD, so that the full complexity of this disease can be accounted for, and one can see if
the results still hold.
One method to delay the spread of drug resistance is to use two drugs in combination with each other,
so that only a parasite that has developed resistance to both drugs may survive. This is currently used in
artemisinin-based combination therapy (ACT), the current first line treatment against malaria [18]. The effects
of these strategies could be accounted for easily in this model, by squaring the proportion of initially resistant
parasites - assuming resistance to both drugs is independent.
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