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1 Introduction

The goal of this report is to work our way toward gaining an understanding of the Serre and Adams spectral

sequences, both of which play an important role in the computation of stable homotopy groups of spheres. For

the most part, our presentation of the material loosely follows [3] in combination with the relevant chapters of

[6]. We will assume basic knowledge of algebraic topology to the level of the first three chapters of [2], and also

use a small amount of vocabulary from category theory (functors, adjoints, and natural transformations).

To motivate the definition of stable homotopy groups, we will start by stating some results that are foun-

dational in this area and at the same time gather up some of the associated background and terminology

(Section 1). This allows us to introduce spectral sequences, first in a general setting (Section 2), and then in

the specific cases of the Serre (Section 3) and Adams (Section 4) spectral sequences. We aim to discuss in

various degrees of detail their construction, convergence, some additional properties and also give a sense of

how arguments involving these spectral sequences often proceed. There are many fun things that can be done

with these once we have them set up. We are primarily concerned with the applications that relate to the

computation of stable homotopy groups, but this will be interspersed with other examples to illustrate some

useful methods of computation. So as to keep this largely expository in nature, only a small number of detailed

proofs are included.

I would like to thank my supervisor Dr Vigleik Angeltveit for telling me such interesting stories as those I

attempt to convey in this report, as well as AMSI for funding this project.
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2 Background

We begin by presenting some key theorems and ideas in algebraic topology that lead us down the path to

computing some stable homotopy groups. This will serve firstly to motivate the use of spectral sequences as a

computational tool in the contexts we are about to see, and secondly to introduce some results and definitions

that will come in handy later on. The following standard notation will be used:

• I = [0, 1] is the closed unit interval.

• Sn is the n-sphere {x ∈ Rn+1 : ‖x‖ = 1}.

• ∗ is the single point space.

In addition, here are some important operations that are central to our study of spaces.

Definition 2.1. The wedge sum of two pointed spaces (X,x0) and (Y, y0) is given by

X ∨ Y = (X
∐

Y )/(x0 ∼ y0).

We can think of this as gluing the two spaces together at their basepoints. For example, S1 ∨ S1 is home-

omorphic to the figure ‘8’. Notice that in the product X × Y of two based spaces, the union of X × {y0} and

{x0} × Y intersects only at (x0, y0) and hence can be regarded as a copy of X ∨ Y inside the product space.

This leads to the next definition.

Definition 2.2. The smash product X ∧ Y is the quotient X × Y/X ∧ Y .

An important fact is that Sm ∧Sn ∼= Sm+n, which can be seen by considering its cell structure. The special

case of smashing a space with S1 is important, and has its own name.

Definition 2.3. Given a space (X,x0), we define the (reduced) suspension ΣX of X to be ΣX = S1 ∧X.

One can show that this is homeomorphic to the quotient space (X × I)/(X × {0} ∪ X × {1} ∪ {x0} × I).

That is, take the product space X× I which may be likened to a cylinder, collapse each end to a point and then

collapse the line {x0}× I joining the two endpoints. This makes ΣX a pointed space with a natural basepoint.

In fact, the reduced suspension is a functor from the category of pointed topological spaces to itself. Since

S1 ∧ Sn ∼= Sn+1, we have ΣSn ∼= Sn+1 and in general one can see from the definition that suspending a space

increases its dimension by one. This underlies the notion of stability that we are about to see; we say that

something is stable if after occurring in a high enough dimension it is invariant under suspension.

2.1 Homotopy and stable homotopy theory

Throughout this report, all spaces are pointed topological spaces, and maps between them are assumed to

preserve the basepoint. When safe to do so, as is often the case, the basepoint will be left implicit. In addition,

unless it is explicitly stated otherwise, all maps that we work with will be continuous.
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Definition 2.4. A homotopy between basepoint-preserving maps f, g : (X,x0) → (Y, y0) is a family of maps

ft : (X,x0)→ (Y, y0) for t ∈ [0, 1] such that f0 = f , f1 = g, and it is a continuous family in the sense that the

function F : (X,x0)× I → (Y, y0) defined by (x, t) 7→ ft(x) is continuous.

We say that two basepoint-preserving maps f, g : X → Y are homotopic if there exists a homotopy through

basepoint-preserving maps between them, and in this case write f ' g. It is easy to check that the property of

being homotopic is an equivalence relation, and the equivalence classes of homotopic maps are called homotopy

classes which are written in the usual way with [f ] denoting the homotopy class of f . In addition, we write

[X,Y ] to denote set of homotopy classes of basepoint preserving maps between X and Y .

This also gives rise to a notion of equivalence of spaces.

Definition 2.5. Two spaces X,Y are homotopy equivalent if there exist maps f : X → Y and g : Y → X with

g ◦ f ' idX and f ◦ g ' idY .

Intuitively, two spaces are homotopy equivalent if one can be continuously deformed into the other. This is

strictly weaker than homeomorphism since we have dropped the condition on the inverse deformation, but it is

true that any homeomorphism is a homotopy equivalence. Since it is difficult in general to give homeomorphisms

between spaces, working up to homotopy equivalence tends to be more convenient. Importantly, homotopic

equivalent spaces share many of the invariants that we are interested in: specifically homotopy, homology, and

cohomology.

We are now ready to define homotopy groups.

Definition 2.6. The fundamental group of a topological space (X,x0) at x0 is defined as the set of homotopy

classes of loops f : I → X at the basepoint x0 which forms a group under path composition, and is denoted by

π1(X,x0).

Equivalently, this can be regarded as the set [S1, X] of homotopy classes of basepoint preserving maps

S1 → X. If X is path-connected, then π1(X,x0) is independent of the choice of basepoint up to isomorphism,

so we can simply write π1(X).

As a direct generalisation of this, we can also define higher homotopy groups.

Definition 2.7. For a topological space (X,x0), the nth homotopy group πn(X,x0) of X at x0 is the set of

homotopy classes of basepoint preserving maps (Sn, s0)→ (X,x0). That is,

πn(X,x0) = [Sn, X].

For n ≥ 1, this is a group with operation defined as follows: for [f ], [g] ∈ πn(X,x0), let [f ]+[g] be the homotopy

class of the composition Sn → Sn ∨ Sn → X where the first map collapses the equator (chosen to contain s0)

to a point and the second map is f ∨ g. Here, the wedge sum of maps can defined in the natural way, and is

well-defined because f, g are basepoint preserving and hence agree on s0.

It is straightforward to check that this is indeed a well-defined group operation. Like the fundamental

group, higher homotopy groups are independent of choice of basepoint up to isomorphism when the space is
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path-connected, so we will usually write πn(X) with basepoint omitted. Additive notation is typically used for

the group operation because it is abelian when n ≥ 2. Proofs of these claims can be found in [2, Chapter 4.2].

Whilst computing the fundamental group is generally a straightforward task for nice spaces using tools

such as the Seitfert-van Kampen theorem, there is no analogous method for higher homotopy groups which are

consequently much harder to compute. This difficulty is already evident when we restrict our attention just to

higher homotopy groups of spheres. The table shown in Figure 1, taken from [2], shows a small portion of what

has been calculated on this front.

(n, i) 1 2 3 4 5 6 7 8 9 10 11

1 Z 0 0 0 0 0 0 0 0 0 0

2 0 Z Z Z/2 Z/2 Z/12 Z/2 Z/2 Z/3 Z/15 Z/2

3 0 0 Z Z/2 Z/2 Z/12 Z/2 Z/2 Z/3 Z/15 Z/2

4 0 0 0 Z Z/2 Z/2 Z× (Z/12) (Z/2)× (Z/2) (Z/2)× (Z/2) (Z/24)× (Z/3) Z/15

5 0 0 0 0 Z Z/2 Z/2 Z/24 Z/2 Z/2 Z/2

6 0 0 0 0 0 Z Z/2 Z/2 Z/24 0 Z

7 0 0 0 0 0 0 Z Z/2 Z/2 Z/24 0

8 0 0 0 0 0 0 0 Z Z/2 Z/2 Z/24

Figure 1: Some values of πi(S
n)

A number of interesting observations that can be made from this small sample are outlined in [2], and we

will come back to some of these. For now, the one we are particularly interested in is that along each diagonal,

which can be written as πn+k(Sn) with k fixed and n increasing, the groups eventually stabilise. That this

observation holds generally is the content of the Freudenthal suspension theorem.

Definition 2.8. A space X is n-connected if πi(X) = 0 for i ≤ n.

Theorem 2.9 (Freudenthal). If X is an (n−1)-connected CW complex, the suspension map πi(X)→ πi+1(ΣX)

is an isomorphism for i < 2n− 1 and a surjection for i = 2n− 1.

There are a number of standard proofs of this result, for instance as a corollary of a version of excision for

homotopy [2, p. 360] or an application of the Blakers-Massey theorem. For spheres, the Freudenthal suspension

theorem says that πi(S
n) ∼= πi+1(Sn+1) for i < 2n− 1, which we can rewrite as πn+k(Sn) ∼= πn+k+1(Sn+1) for

n > k+ 1. In other words, if we fix k then we see that πn+k(Sn) is independent of n for n large enough, giving

a well defined notion of a stable homotopy group of spheres.

Definition 2.10. The kth stable homotopy group of spheres (or stable k-stem) πsk is defined by πsk = πn+k(Sn)

where n > k + 1. When n > k + 1 holds, we say that πn+k(Sn) is stable or in the stable range.

We can read off some stable homotopy groups of spheres from the previous table of homotopy groups of

spheres just by checking which ones are in the stable range. For example, setting k = 0 the theorem tells us
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that πn(Sn) ∼= πn+1(Sn+1) for n ≥ 2. Thus, reading π2(S2) ∼= Z from the table we conclude that πn(Sn) ∼= Z

for n ≥ 1. This fact has a number of different proofs, and we’ll see one more in the next section. It should be

noted that this direction is rather unnatural in the sense that, as is the purpose of this report to show, we have

more tools available to us to compute stable homotopy groups of spheres than for determining specific higher

homotopy groups.

2.2 Connections between homotopy and (co)homology

Much more is known about homology and cohomology groups of spaces than homotopy groups thanks to

the existence of computational tools. If there are known relationships between homotopy and homology or

cohomology, we might be able to use this additional information as a starting point for calculating the former.

One direct connection between homotopy and homology is established by the Hurewicz theorem. Let X be

a pointed topological space. Taking [f ] ∈ πk(X) and a generator ι ∈ Hk(Sk), consider the map

hk : πk(X)→ Hk(X)

[f ] 7→ f∗(ι)

with the representative f being a map Sk → X. This is called the Hurewicz map.

Theorem 2.11 (Hurewicz theorem). If a space X is (n − 1)-connected, n ≥ 2 then H̃i(X) = 0 for i < n and

the Hurewicz map hn : πn(X)→ Hn(X) is an isomorphism.

This means that for a simply connected space, the first nonzero homology group and homotopy group are

isomorphic and in the same dimension. An immediate consequence is:

Corollary 2.12. For all n ≥ 1, πn(Sn) ∼= Z.

There are also direct connections between homotopy and cohomology, though to elucidate this we require

the following definition.

Definition 2.13. An Eilenberg-MacLane space K(G,n) is a space X for which πn(X) = G and πk(X) = 0 for

k 6= n.

Here are some familiar examples of Eilenberg-MacLane spaces.

• K(Z, 1) = S1

• K(Z/2, 1) = RP∞

• K(Z, 2) = CP∞

• K(Z/m, 1) = L∞(m) which is the infinite-dimensional lens space S∞/(Z/m). Here, regarding S∞ as the

unit sphere in C∞, Z/m acts on S∞ by scalar multiplication by mth roots of unity.
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A construction of Eilenberg-MacLane spaces for arbitrary G and n is described in [2, Chapter 4.2]. The

general idea is to start with an (n − 1)-connected CW complex with πn(X) ∼= G, and then attach higher

dimensional cells to kill higher homotopy groups without affecting the lower homotopy groups. The same

section of Hatcher also proves that K(G,n) is unique up to weak homotopy equivalence. It should not come as s

surprise that these are a natural basic object to consider when studying homotopy theory. Rather surprisingly,

the following theorem shows that they are also extremely important in cohomology.

Theorem 2.14. If X is a CW complex, H̃n(X;G) ∼= [X,K(G,n)].

We will revisit this important characterisation of cohomology presently in the context of describing coho-

mology operations.

2.3 Cohomology operations and the Steenrod algebra

In light of the previous section, the reader should not feel that we are moving too far away from our goal of

computing stable homotopy groups in the objects introduced here. The material in this section mostly follows

[6, Chapter 4.4], where one can find a more in-depth discussion.

Definition 2.15. A cohomology operation of type (G,n,G′,m) is a natural transformation

θ : Hn(−;G)→ Hm(−;G′).

That is, for all spaces X,Y and all maps f : X → Y between them, there are functions θX and θY such that

the following diagram commutes:

Hn(X;G) Hm(X;G′)

Hn(Y ;G) Hm(Y ;G′).

θX

f∗

θY

f∗

Here are some examples:

• Given a homomorphismG→ H, this induces change-of-coefficient homomorphismsHn(X;G)→ Hn(X;H)

which is a (rather simple) cohomology operation of type (G,n,H, n).

• For a field k and any fixed degree n consider the squaring map θ : Hn(−; k) → H2n(−; k) defined using

the cup product by θ(u) = u ^ u. This is a cohomology operation of type (k, n, k, 2n).

• Start with the short exact sequence of coefficients

0→ Z/pZ p−→ Z/p2Z −→ Z/pZ −→ 0.

Taking products of copies of the above, we get a short exact sequence of cochain complexes

0→ Cn(X;Z/pZ) −→ Cn(X;Z/p2Z) −→ Cn(X;Z/pZ) −→ 0.
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The long exact sequence in cohomology is

· · · → Hn(X;Z/p2Z) −→ Hn(X;Z/pZ)
β−→ Hn+1(X;Z/pZ) −→ · · · .

and for each n the connecting homomorphism β is a cohomology operation of type (Z/pZ, n,Z/pZ, n+ 1).

Note that β is a derivation: β(x ^ y) = βx ^ y + (−1)|x|x ^ βy. This is an example of a Bockstein

homomorphism. More generally, starting with any short exact sequence of coefficient groups gives a

Bockstein homomorphism using this construction, and these are all cohomology operations.

We can also produce cohomology operations using Theorem 2.14. For θ = [g] ∈ [K(G,n),K(G′,m)] and

u = [f ] ∈ Hn(X;G) where the representative f is considered as a map X → K(G,n), we have the composition

g◦f : X → K(G,n)→ K(G′,m). This determines a class [g◦f ] in Hm(X;G′), and θ : Hn(X;G)→ Hm(X;G′)

given by θ(u) = [g ◦ f ]. In fact, we have the following characterisation of cohomology operations.

Theorem 2.16. The set of all cohomology operations of type (G,n,G′,m) is in one-to-one correspondence with

the set [K(G,n),K(G′,m)] of homotopy classes of maps K(G,n)→ K(G′,m).

Since [K(G,n),K(G′,m)] ∼= Hm(K(G,n);G′), if we want to determine all cohomology operations of a particular

type we will need to compute the cohomology of Eilenberg-MacLane spaces. This foreshadows Section 4.6, in

which we make this calculation for G = G′ = Z/pZ.

We are particularly interested in stable cohomology operations.

Definition 2.17. For fixed i, let {θn} be a sequence of cohomology operations of type (k, n, k, n + i). Then

{θn} determines a stable cohomology operation of degree i if

H̃n(X; k) H̃n+1(ΣX; k)

H̃n+i(X; k) H̃n+i+1(ΣX; k).

E

θn θn+1

E

commutes and E (for “Einhängung”, which is suspension in German) is the suspension isomorphism.

It is worth observing here that a stable cohomology operation is actually a sequence of cohomology operations.

The Bockstein homomorphisms β defined above is an example of a stable cohomology operation. In fact, it is

part of a family of stable cohomology operations called the Steenrod squares.

Theorem 2.18. There is a family of cohomology operations Sqi : Hn(X;Z/2Z) → Hn+i(Z;Z/2Z), i ≥ 0,

satisfying the following properties:

1. Sqi(f∗(α)) = f∗(Sqi(α)) for f : X → Y .

2. Sqi(α+ β) = Sqi(α) + Sqi(β)

3. Sqi(α ^ β) =
∑
j Sq

i(α) ^ Sqi−j(β), known as the Cartan formula.
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4. Sqi(E(α)) = E(Sqi(α)) where E : Hn(X;Z/2Z)→ Hn+1(ΣX;Z/2Z) is the suspension isomorphism.

5. Sqi(α) = α2 if i = |α| and Sqi(α) = 0 if i > |α|.

6. Sq0 = id.

7. Sq1 is the Bockstein homomorphism β associated with the coefficient sequence 0 → Z/2Z → Z/4Z →

Z/2Z→ 0, as defined earlier.

8. SqaSqb =
∑
j

(
b−1−j
a−2j

)
Sqa+b−jSqj if 0 < a < 2b, called the Adem relations.

Note for the last property that by convention we have
(
m
n

)
= 0 if m or n is negative, or if m < n. The first

property gives the naturality required to be a cohomology operation, and the fourth means that they are stable.

For an odd prime, the analogous operations are called Steenrod powers.

Theorem 2.19. There is a family of cohomology operations P i : (Hn(X;Z/pZ) → Hn+i(Z;Z/pZ)) for i ≥ 0

and p an odd prime, satisfying the following properties:

1. P i(f∗(α)) = f∗(P i(α)) for f : X → Y .

2. P i(α+ β) = P i(α) + P i(β)

3. P i(α ^ β) =
∑
j P

i(α) ^ P i−j(β), known as the Cartan formula.

4. P i(E(α)) = E(P i(α)) where E : Hn(X;Z/2Z)→ Hn+1(ΣX;Z/2Z) is the suspension isomorphism.

5. P i(α) = αp if 2i = |α| and P i(α) = 0 if 2i > |α|.

6. P 0 = id.

7. The Adem relations: if a < pb,

P aP b =
∑
j

(−1)a+j

(
(p− 1)(b− j)− 1

a− pj

)
P a+b−jP j

and if a ≤ pb, then

P aβP b =
∑
j

(−1)a+j

(
(p− 1)(b− j)

a− pj

)
βP a+b−jP j −

∑
j

(−1)a+j

(
(p− 1)(b− j)− 1

a− pj − 1

)
P a+b−jβP j

where β is the Bockstein homomorphism associated with the short exact sequence of coefficients

0→ Z/pZ→ Z/p2Z→ Z/pZ→ 0.

The construction of these operations is discussed in [2, Chapter 4L], however this axiomatic description is

more useful for the computations we shall do later. Taking the multiplication to be composition, these operations

form an algebra.
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Definition 2.20. The mod 2 Steenrod algebra A2 is the algebra over Z/2Z generated by the Steenrod squares

Sqi modulo the Adem relations. Similarly, the mod p Steenrod algebra Ap is the algebra over Z/pZ generated

by P i : (Hn(X;Z/pZ)→ Hn+i(Z;Z/pZ)) along with the Bockstein homomorphism β associated with the short

exact sequence of coefficients 0 → Z/pZ → Z/p2Z → Z/pZ → 0 modulo the Adem relations and the relation

β2 = 0.

Despite its somewhat complicated definition, there are many nice properties about the Steenrod algebra

and we will see that it plays a central role in computations using the Adams spectral sequence. First, this is a

graded algebra with elements of degree k being those that map Hn(X;Z/pZ) to Hn+k(X;Z/pZ). Moreover, it

is a co-commutative Hopf algebra (this concept is defined for instance in [8]). This means that we can consider

the dual Hopf algebra A∗ detailed in [7] which is commutative and importantly has a much nicer structure.

Consequently, A∗ is sometimes a more convenient setting to make our calculations. One can see this flexibility

exploited in [6, Chapter 9.5] or throughout [9] where the authors frequently work in A∗. In [7], Milnor uses the

dual to obtain a particular basis for the Steenrod algebra. Later we will find a different basis, the Serre-Cartan

basis, using the calculation of Section 4.6. With a view to this, we introduce some more terminology.

As a shorthand for composition of Steenrod operations, for p = 2 write the monomial Sqi1Sqi2 . . . Sqik as

SqI where I = i1, i2, . . . , ik. We say that I (or SqI) is admissible if ij ≥ 2ij+1 for each j. The degree of a

sequence is i1 +i2 +. . .+ik and its excess is defined as e(I) =
∑
j(ij−2j+1) which measures how much it exceeds

being admissible. There is an analogous but slightly more fiddly notion of admissibility for odd primes. Since

we must also consider the additional generator β, we write I in this case as (ε0, s1, ε1, . . . , sk, εk) with εi being

0 or 1. This represents the operation StI = βε0P s1βε1 · · ·P skβεk , and is called admissible if si ≥ psi+1 + εi for

m > i ≥ 1. The excess is defined as
∑
i(2si − 2psi+1 − εi+1).

The notion of admissibility is natural when we consider the Adem relations; we could otherwise have said

that I is admissible whenever SqI cannot be reduced by any of these relation. This consolidates the two separate

definitions given above. Conversely, any non-admissible sequence can be written as a sum of admissible terms

using the Adem relations.
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3 General idea of a spectral sequence

We will start by illustrating the idea behind how a spectral sequence is meant to work. Suppose we have a

finite dimensional CW complex X, and some filtration ∅ → X0 → X1 → . . . → X. This need not be the

skeletal filtration, but it makes no difference for us to assume so. Taking homology groups and considering the

long exact sequences for pairs (Xs, Xs−1) in homology, we can arrange these into the following diagram with

all triangles being exact at each corner.

∅ H∗(X
0) H∗(X

1) H∗(X
2) · · · H∗(X)

H∗(X
1, X0) H∗(X

2, X1)

i i

j

i

j

i

k k

Here, i is induced by inclusion, j by quotient, and k is the connecting homomorphism. The question is whether

we can recover H∗(X) given each of the relative homology groups H∗(X
s, Xs−1). Suppose that x represents

a nontrivial class in Hn(X). In order to get a positive answer, we would hope that x is ‘detected’ somewhere

along the line of relative homology groups. Indeed, if x is the image of xs ∈ Hn(Xs) but not hit by anything in

Hn(Xs−1), then j(xs) ∈ Hn(Xs, Xs−1) is nonzero.

Conversely, suppose xs represents a nonzero class in Hn(Xs, Xs−1). If jk(xs) ∈ Hn−1(Xs, Xs−1) is nonzero,

then k(xs) ∈ Hn(Xs) is also nonzero as j is a homomorphism. That is, xs is not an element of ker k = im j,

and hence xs does not contribute to Hn(X). Otherwise, if jk(xs) = 0 then k(xs) is in the image of i so we can

pull this back to an element i−1k(xs). Now consider ji−1k(xs). If this is nonzero, then k(xs) is again nonzero

and does not contribute. Otherwise, we can pull back again along i and consider ji−2k(xs). Repeating this,

for any xs we will either find at some point that it does not contribute to Hn(X), or else once we reach a stage

where we cannot pull back any further we end up at y ∈ Hn(X0,∅) and find that k(x) = isy = 0. All this is

to show that xs = j(x) for some x ∈ Hn(Xs). From here, we can map x along the top row of inclusions and

determine if xs lives to be a nonzero class in Hn(X).

With a view to storing the above information in spectral sequence form, we rephrase as follows. Write

Es,t1 := Hs+t(X
s, Xs−1) and d1 = jk. This is a differential since d2

1 = jkjk = j(kj)k = j0k = 0. Hence, it

makes sense to take homology, so we set Es,t2 = ker(d1)/ im(d1) and we have a differential d2 = ji−1k. Recall

that this is the expression we saw after pulling back once. We can take the homology again to get Er, and

in general we have dr = ji1−rk : Es,tr → Es−r,t+r−1
r . By finiteness, we eventually have Es,tr

∼= Es,tr+1 for large

enough r and we define this limit to be Es,t∞ . This corresponds to the point when we have to hit zero in the above

description, as the differentials are now zero, so what we really saw before was that objects in E∞ come from

something in E1 and also if we start with E1 we can work out what appears in E∞. We have an induced bounded

filtration of Hn(X) with FnHn(X) being the image of Hn(Xs). Then Es,n−s∞
∼= F sHn(X)/F s−1Hn(X). For

each s we have a short exact sequence

0→ F s−1Hn(X)→ F sHn(X)→ Es,n−s∞ → 0

and from these we recover Hn(X).

11



3.1 Definition

We give the reader fair warning that the algebraic definition may not be particularly illuminating at first.

Definition 3.1. A spectral sequence is a collection of differential bigraded objects {Es,tr , dr} with r ∈ N where

the differentials are all of bidegree (−r, r− 1), in which case it is of homological type, or (r, 1− r), in which case

it is of cohomological type. In addition, we require

Es,tr+1
∼= ker(dr : Ep.qr → Ep+r,q−r+1

r / im(dr : Ep−r,q+r−1 → Ep,qr )

in the case of cohomology, and the corresponding condition with degrees negated for homology.

This is a lot of information. A useful metaphor, borrowed from [2], is to think of a spectral sequence as a

book with a an integer lattice on each page and an abelian group at each point of the lattice. This arrangement

corresponds to the bigrading. In addition, there are differentials entering and leaving each group on each page.

The slope of this differential is determined by the page number. The spectral sequences that we will use will

mostly be first-quadrant spectral sequences of cohomological type, and a portion of each of the first four pages

of such a spectral sequence may be visualised as follows.
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Here, the adjective ‘first-quadrant’ refers to the property that Es,t = 0 whenever s < 0 or t < 0. These zero

groups are implicit in the above pictures, and account for the missing arrows which are forced to correspond to

zero differentials due to the domain or codomain being outside the first quadrant. Having this property allows us

to sidestep some complications relating to convergence that might otherwise arise. In particular, we can be sure

that the spectral sequence converges to some E∞ page. This is because for fixed s, t, in both the homological
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and cohomological case, when r is large enough the differentials leaving and entering Es,tr point outside the first

quadrant and hence must be zero. At this point, taking homology has no effect. Thus, Es,tr
∼= Es,tr+1 := Es,t∞ for

large enough r.

The general form of a theorem involving spectral sequences will look something like “there is a spectral

sequence whose E2 page is something computable, and that converges to H which is something that we want”.

This information can be summarised as

E∗,∗2
∼= nice computable form =⇒ H

which we call the signature of the spectral sequence.

3.2 Construction via exact couples

The spectral sequences that we wish to consider will all be obtained via exact couples.

Definition 3.2. An exact couple is a long exact sequence involving two groups and three maps having the form

· · · −→ A
i−→ A

j−→ E
k−→ A

i−→ A
j−→ E → · · · .

This can be drawn as a commutative triangle

A A

E

i

jk

which is exact at each corner; im i = ker j, im j = ker k and im k = ker i.

We have already seen an example before coming from the long exact sequence in homology, and the diagram

there was drawn as an unrolled exact couple. Letting d = jk in the generic setting, we have d2 = jkjk = 0

since kj = 0 by exactness, so this is a differential. Hence, we can take the homology group ker d/ im d. Given

an exact couple, this allows us to form another related exact couple as follows.

Definition 3.3. Given an exact couple as above, its derived couple is

A′ A′

E′

i′

j′k′

where E′ = ker d/ im d and A′ = i(A) ⊂ A, and the maps are given by i′ = i�A′ , j
′(ia) = [ja] ∈ E′ and

k′[e] = ke ∈ A′.

There are a few things to check here. To see that j′ is well defined and has image in E′, note that

dja = jkja = 0 and hence ka ∈ ker d. Now if ia1 = ia2 then i(a1 − a2) = 0 so a1 − a2 ∈ ker i = im k. Then

ja1 − ja2 ∈ im jk = im d, so the difference in E′ is zero. Similarly, k′ lands in A′ = im i = ker j because if

e ∈ ker d then jke = de = 0, and is well-defined since [e] = 0 ∈ E′ means e ∈ im d ⊂ im j = ker k. Moreover, we

have the following.
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Lemma 3.4. The derived couple of an exact couple is also an exact couple.

Proof. This is a standard diagram chase.

By the previous lemma, one can iteratively form derived couples from a starting exact couple, and it is from

this process that the pages of a spectral sequence arise. Specifically, the sequence E,E′, . . . give the abelian

groups on subsequent pages and the maps d = jk, d′ = j′k′, . . . are the differentials. Observe that from the

definition of the exact couple and derived couple we have dr is a map Er → Er, d2
r = 0 and Er+1 = ker dr/ im dr

so this is consistent with the earlier description. There is the matter of checking that the degree of the differential

is as claimed. In practice, A and E are usually bigraded and i, j, k have fixed (bi)degrees. After passing to the

derived couple, we see that deg(i) = deg(i′), deg(j) = deg(j)− deg(i) and deg(k′) = deg(k), so

deg(dr) = deg(d1)− (r − 1) deg(i) = deg(jk)− (r − 1) deg(i) = deg(j) + deg(k)− (r − 1) deg(i).

Suppose the degrees of i, j, k are (1, 0), 0, 0 and (−1, 1) respectively, which corresponds to the homological

setting. Then deg(dr) has the correct bidegree (−r, r − 1). This then also works for cohomological type, by

negating the degrees. A more detailed discussion can be found in [6, Chapter 2.2], which additionally examines

some other places from which spectral sequences naturally arise. We will use this set-up to succinctly describe

the construction of spectral sequences by giving the relevant exact couple.
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4 The Serre spectral sequence

The purpose of the Serre spectral sequence is to compute (co)homology; specifically, if we have a fibration

F → E → B, then running the spectral sequence will entail using the known (co)homology of F and B to

compute the (co)homology of E. In particular, this spectral sequence has the signature

E2
s,t
∼= Hs(B;Ht(F ;G)) =⇒ Hs+t(E;G)

or in cohomology

Es,t2
∼= Hs(B;Ht(F ;G)) =⇒ Hs+t(E;G).

One can also sometimes work backwards to determine the (co)homology of either F or B assuming knowledge

of the other space along with the total space, as we will see in the examples to come.

In this section, we discuss the construction of the spectral sequence, and outline convergence for the cases

that we shall use. There are then two big applications to homotopy groups of spheres that we will look at.

The first is to show that the stable homotopy groups of spheres are (nearly all) finite, which en route will

require us to compute the rational homotopy groups of spheres. The second is to compute the cohomology of

Eilenberg-MacLane spaces, and ultimately show that the mod p stable cohomology operations are exactly the

elements of the mod p Steenrod algebra Ap.

4.1 Fibrations

Recall that a map p : E → B satisfies the homotopy lifting property with respect to a space X if given a

homotopy f : X × I → B and a map f̃0 : X → E lifting f0, there exists f̃ such that

X E

X × I B

f̃0

X×{0} p

f

f̃

commutes.

Definition 4.1. A map p : E → B is a Serre fibration if it has the homotopy lifting property with respect to

all finite CW complexes. This is equivalent to having the homotopy lifting property with respect to all discs.

The space E is referred to as the total space, and B is the base space.

Every fiber bundle is a Serre fibration, and we can think of them as generalising fiber bundles. When B is

path connected, the fibers of the map are homotopy equivalent so we speak of ‘the’ fiber F , and typically write

the fibraton as F → E → B where the first map is inclusion and the second map is the fibration p proper.

One can turn an arbitrary mapping into a fiber bundle using something called the pathspace construction.

This is described in [2, p. 407]. As a particular example, consider the map f : b0 ↪→ B which is the inclusion

of the basepoint. The construction yields in this case a fibration p : PB → B where PB is space of path i
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B starting at b0, and p sends each path to its endpoint. The fiber p−1(B) is the loopspace ΩB consisting of

loops in B based at b0. Note that PB is contractible since we can progressively truncate paths, so we write this

fibration as ΩB → ∗ → B. This will turn out to be a convenient fibration with which to run the Serre spectral

sequence as the contractibility of the total space admits some nice arguments.

There is a long exact sequence of homotopy groups associated with Serre fibrations.

Theorem 4.2. Given a Serre fibration F → E → B with path connected base space, there is a long exact

sequence

· · · πi(F ) πi(E) πi(B) πi−1(F ) · · · π0(E) 0.

This is Theorem 4.41 in [2].

4.2 Construction and convergence

Suppose we have a fibration F −→ E
p−→ B, where B is a path-connected CW complex. The skeletal filtration of

B,

B0 ⊂ B1 ⊂ · · · ⊂ B

induces a filtration of E

E0 = p−1(B0)) ⊂ E1 = p−1(B1)) ⊂ · · · ⊂ E.

Fitting together the long exact sequence for pairs (Es, Es−1), we get a very big staircase diagram as follows

. . .

. Hn+1(Ep) Hn+1(Ep, Ep−1) Hn(Ep−1) Hn(Ep−1, Ep−2) Hn−1(Ep−2) .

. Hn+1(Ep+1) Hn+1(Ep+1, Ep) Hn(Ep) Hn(Ep, Ep−1) Hn−1(Ep−1) .

. Hn+1(Ep+2) Hn+1(Ep+2, Ep+1) Hn(Ep+1) Hn(Ep+1, Ep) Hn−1(Ep) .

. . .

i

j k

i

j k

i

j

where the labelled maps correspond to those in the long exact sequences

. . .→ Hn(Es−1)
i−→ Hn(Es)

j−→ Hn(Es, Es−1)
k−→ Hn−1(Es−1)→ . . . .

Letting A be the direct sum of the absolute homology groups, and E be the direct sum of relative homology

groups, this gives an exact couple and hence a spectral sequence by the last section with E1
s,t = Hn(Es, Es−1).

The unrolled exact couple looks like

∅ H∗(E
0) H∗(E

1) H∗(E
2) · · · H∗(E)

H∗(E
1, E0) H∗(E

2, E1)

i i

j

i

j

i

k k .
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To establish convergence, we will continue to work with the staircase diagram for a moment. First, consider the

columns with absolute homology groups. In our filtration, we implicitly have Xp = ∅ for p < 0, meaning each

of those columns eventually becomes Hn(∅) = 0 if we look high enough. At the same time, note that (B,Bp)

is p-connected. This, together with the homotopy lifting property, implies that (E,Ep) is also p-connected.

Hence, the inclusion of the p-skeleton into E induces an isomorphism on homology for dimensions lower than

p. In the absolute homology group columns, this means that if we look far down enough so that p is sufficiently

large, then eventually all groups become Hn(E). Thus, we have shown that all but finitely vertical maps in the

absolute homology columns are isomorphisms, so by exactness it follows that there can only be finitely many

nonzero terms in each column of relative homology groups.

Now consider the rth derived couple, which can also be drawn as a staircase diagam. If we let A1
n,p = Hn(Ep)

and E1
n,p = Hn(Ep, Ep−1), take A2

n,p to be the image of the term A1
n,p−1 directly above it, E2

n,p = ker d1/ im d1

and maps i2, j2k2 as defined in the definition of the derived couple. Iterating this, we find that in general rth

staircase diagram has differentials dr = jrkr go up r − 1 rows and right by 2 columns, and we have an exact

sequence that looks like

Ern−1,p−r+1

Ern,p Arn−1,p−1

Ern+1,p+r−1 Arn,p+r−2 Arn−1,p

Arn,p+r−1

kr

i

kr

i

jr

jr

Since when we look high enough we have Hn(∅) = 0, the fact that the differentials point upwards by r − 1

means that for large enough r the differentials entering and leaving an E column are zero, so Ern,p stabilise

for fixed n, p. We have already said that there can only be finitely many nonzero relative homology groups in

the original diagram, so in the rth diagram there can only be finitely many nonzero E terms in each column.

Thus, fixing n, p we can choose r to be large enough so that Ern+1,p+r−1 = 0 and Ern−1,p−r+1 = 0. In addition,

Arn−1,p−1 and Arn−1,p are also 0 by construction of Ar and again using the fact that A1
n,p = Hn(∅) = 0 for

small enough p. As we have Hn(X) filtered by F pn = im(Hn(Ep)→ Hn(E)) where the map Hn(Ep)→ Hn(E)

is induced by inclusion, this says that E∞n,p
∼= F pn/F

p−1
n . Then

⊕
p F

p
n/F

p−1
n
∼=
⊕

pE
∞
n,p as graded groups, and

the spectral sequence converges to H∗(E).

The usefulness of this spectral sequence becomes evident once we establish a nice expression for terms

on the E2 page. By picking cells enα as small as needed, we may assume that our CW structure on B has

p−1(enα) ∼= enα × F where the enα are n-cells. We know that the E1 term has groups Hn(Xp, Xp−1) which zero

unless n ≥ p because Bp, Bp−1 is (p−1)-connected and hence so is (Xp, Xp−1). Changing parameters by setting

s = p and n = s+ t, we have a first quadrant spectral sequence with differentials dr : Es,tr → Es−r,t+r−1
r . Now
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to identify the E2 term of the spectral sequence, the idea is to write

Es,t1 = Hs+t(E
s, Es−1) ∼= H̃s+t(E

s/Es−1) ∼= H̃s+t

(∨
(Ds

α × F )/(∂Ds
α × F )

)
where the wedge sum is taken over s-cells of B. This quotient can be written as Σ(F+) where F+ denotes the

space consisting of F with an extra point, so using the property that suspension shifts homology we have

Es,t1 = H̃s+t

(∨
Σ(F+)

)
∼= H̃t

(∨
F+

)
∼=
⊕

Ht(F ) ∼= CCWs (B,Ht(F )).

At this point, we introduce the condition that π1(B) acts trivially on H∗(F ) so that the above isomorphism is

canonical and the first differential is just the cellular boundary map. This can be viewed as a sort of orientability

condition, and the reason for which it neatens things up here is discussed in [3, p. 526]. Taking homology now

gives

Es,t2 = Hs(B;Ht(F )).

Recall that we are working in G coefficients here for a specified coefficient group. Over field coefficients, the

universal coefficient theorem gives an even nicer expression

Es,t2 = Hs(B)⊗Ht(F ).

In summary, we have the following.

Theorem 4.3. Let F → E → B be a fibration such that B is a path-connected CW complex and π1(B) acts

trivially on H∗(F ;G). Then there is a spectral sequence {Ers,t, dr} with

(a) dr : Ers,t → Ers−r,t+r−1 and Er+1
s,t = ker dr/ im dr at Ers,t.

(b) F sn/F
s−1
n
∼= E∞s,n−s where 0 ⊂ F 0

n ⊂ · · · ⊂ Fnn = Hn(X;G) is a filtration of Hn(X;G).

(c) E2
s,t
∼= Hs(B;Ht(F ;G)).

Using CW approximation, the condition that B be a CW complex may be dropped. It is also possible to

omit the condition that π1(B) acts trivially on H∗(F ;G), but this requires the use of local coefficient systems

as described in [6, Chapter 5.1]. However, we will not need this in our particular applications as for us B will

always be a CW complex and usually be simply connected.

There is also a completely analogous spectral sequence in cohomology.

Theorem 4.4. Let F → E → B be a fibration such that B is a path-connected CW complex and π1(B) acts

trivially on H∗(F ;G). Then there is a spectral sequence {Es,tr , dr} with

(a) dr : Es,tr → Es−r,t+r−1
r and Es,tr+1 = ker dr/ im dr at Es,tr .

(b) F sn/F
s+1
n
∼= Es,n−s∞ where 0 ⊂ Fnn ⊂ · · · ⊂ Fn0 = Hn(X;G) is a filtration of Hn(X;G).

(c) Es,t2
∼= Hs(B;Ht(F ;G)).
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Detailed proofs of both of these theorems can be found in [3, Chapter 1].

There is a standard workflow that underlies many of the computations using the Serre spectral sequence. We

first determine some (or rarely, all) of the groups on the E2 page using the formula from Theorem 4.4. We then

exploit the structure of the spectral sequence to determine more of these groups as well as differentials. This

will commonly involve considering the position of blocks of zeros to deduce which differentials must be trivial,

or knowledge of the E∞ page. Finally, interpreting the result will involve either reading the (co)homology

of the fiber or base space off one of the axes of the E∞ page if we are working backwards, or with the

additional assumption that we are working over a field and running the spectral sequence forwards, obtaining

the cohomology of the total space as H∗ =
⊕

i F
i
n/F

i+1
n and similarly for homology.

4.3 Multiplicative structure

Just as cup products give more structure in cohomology groups (rings) than we have in homology, the cohomo-

logical version of the Serre spectral sequence also enjoys a multiplicative structure that makes it more powerful.

The following statement is taken from [2, p. 543], where a details of the construction and proof can be found.

Theorem 4.5. The Serre spectral sequence for cohomology with coefficients in a ring R can be provided with

bilinear products Ep,qr × Es,tr → Ep+s,q+tr for 1 ≤ r ≤ ∞ satisfying the following properties:

• Each differential dr is a derivation: dr(xy) = (drx)y + (−1)s+tx(dry) for x ∈ Es,tr . This implies that the

product on the rth page induces a product on the (r + 1)st page. Also, the product in E∞ is induced from

products in Er for finite r.

• The product on the E2 page Ep,q2 × Es,t2 → Ep+s,q+t2 is given by (−1)qs times the cup product.

• The cup product in H∗(X;R) restricts to maps Fmp ×Fns → Fm+n
p+s . These induce quotient maps Fmp /F

m
p+1×

Fns /F
n
s+1 → Fm+n

p+s /Fm+n
p+s+1 that coincide with the products Ep,m−p∞ × Es,n−s∞ → Ep+s,m+n−p−s

∞ .

As a first example of a computation using the Serre spectral sequence and this multiplicative structure,

we determine the cohomology ring H∗(CP∞,Z) using the fact that S∞ is contractible and the cohomology

of S1. We will actually be running the spectral sequence ‘backwards’ here in the sense that we are using the

cohomology of the fibre and total space to determine the cohomology of the base space. In terms of the spectral

sequence, this means we are starting with part of the E2 page, and are trying to deduce the rest of it using the

known E∞ page.

Example 4.6. Consider the fibration S1 → S∞ → CP∞. In fact, this is an example of a pathspace fibration

K(Z, 1)→ ΩK(Z, 2)→ K(Z, 2). As CP∞ is simply-connected, so we have a Serre spectral sequence with

Es,t2 = Hs(CP∞;Ht(S1,Z)).

Since Hn(S1) = 0 for n ≥ 2, then in the spectral sequence everything having t ≥ 2 is 0 on the E2 page. Drawing

as usual with s on the horizontal axis and t on the vertical axis, only the first two rows of our spectral sequence
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can have nonzero groups. It follows that the only nonzero differentials are on the E2 page, as differentials on

the rth page have bidegree (r, 1− r) and with r ≥ 3 must have either zero domain or zero codomain due to the

vertical shift. Thus, E3 = E∞. Using the cohomology of S1, we can also easily obtain E0,0
2 = H0(CP∞;Z) ∼= Z

and E0,1
2 = H0(CP∞;Z) ∼= Z. Let a be the generator of the latter group. So far, we can draw the spectral

sequence with as follows, where Z coefficients are implied:

Z

Za H1(CP∞) H2(CP∞) H3(CP∞) H4(CP∞)

H1(CP∞) H2(CP∞) H3(CP∞) H4(CP∞)0

1

0 1 2 3 4

This is where the detective work starts. Since S∞ is contractible, it has trivial cohomology and so E∞

is trivial in the sense that is has a Z at (0, 0) and is zero everywhere else. If d2 : E0,1
2 → E2,0

2 were not an

isomoprhism, we would be left with some nonzero group at E2,0
3 but we know that E2,0

3 = E2,0
∞ = 0. More

generally, each of the differentials of the form of those drawn above must be isomorphisms since otherwise there

would be something left in the kernel or cokernel. Thus, H1(CP∞) = 0 as it is the image of an isomorphism

from an implicit 0 in position (−1, 1), and H2(CP∞) = Z, say generated by x. To complete the calculation

of the groups, we can now use an inductive argument and determine the E2 page to be as follows (the written

generators are not obvious at this stage).

Z

Za Zxa Zx2a Zx3a · · ·

Zx Zx2 Zx3 Zx40

1

0 1 2 3 4 5 6 7 8

Reading from the horizontal axis, this shows that H∗(CP∞;Z) is a Z in even degrees and 0 in odd degrees.

Using the multiplicative structure of the spectral sequence, we can also determine the ring structure. Since the

differentials are derivations, we have

d(xna) = d(xn)a+ xnd(a) = xnx

where we have used d(xn) = 0 (it points outside of the first quadrant). As the differentials are isomorphisms,

we may as well identify d(xna) with xn+1 so we have the relation xnx = xn+1. Hence, H∗(CP∞;Z) = Z[x]

with |x| = 2.

20



4.4 Transgression

Transgression is another idea that helps us to compute differentials in the spectral sequence, and in particular

uses Steenrod operations to do so. The idea stems from considering whether there is an analogue in homology

for the boundary homomorphism πn(B) → πn−1(F ) in the long exact sequence for homotopy groups. What

we can do along these lines is to define a map going from the horizontal axis to the vertical axis in our first

quadrant spectral sequence, which we have seen correspond to H∗(B) and H∗(F ) respectively.

For a fibration p : E → B, consider the diagram

Hn(E,F ) Hn−1(F )

Hn(B) Hn(B, b0)

∂

p∗

j∗

Here j∗ is an isomorphism for n > 0, though p∗ which is the natural map induced by the fibration is generally

not an isomorphism. If we try to define the aforementioned boundary map, we end up with

τ : j−1
∗ (im p∗)→ Hn−1(F )/∂(ker p∗)

x 7→ ∂y + ∂(ker p∗)

where y + ker p∗ = p−1
∗ (j∗(x)).

Definition 4.7. The homomorphism τ defined above is called the transgression. Elements of Hn(E) that lie

in the domain of the transgression are said to be transgressive.

The next theorem reveals why this map is important in the Serre spectral sequence.

Theorem 4.8. The transgression is exactly the differential dn : En,0n → E0,n−1
n .

For the proof, we refer to [2, p. 540].

Note that we have done this in homology, but one can define τ for cohomology in the same way and find that

it is the differential dn : E0,n−1
n → En,0n from the vertical axis to the horizontal axis. The following technical

lemma gives us a way of finding many transgressive elements using Steenrod operations.

Lemma 4.9. If x ∈ H∗(F ;Z/2) is transgressive then so is Sqi(x), and τ(Sqi(x)) = Sqi(τ(x)). The same holds

when we replace the Steenrod square with Steenrod powers or β.

For Steenrod squares, this proof can be found in [2, p. 540]. It is basically is an application of the the naturality,

and so carries over to the other Steenrod operations.

A more complicated result that also gives us more transgressive elements is Kudo’s transgression theorem.

Theorem 4.10 (Kudo’s transgression theorem). Suppose x ∈ E0,2k
2

∼= H2k(F,Z/pZ) is transgressive and x

transgresses to the element represented by y in E2k+1,0
2

∼= H2k+1(B;Z/pZ). Then P kx = xp and y ⊗ xp−1 are

also transgressive with d2pk+1(xp) = P ky and d2(p−1)k+1(y ⊗ xp−1) = −βP ky.

The situation is illustrated in the following figure. The idea behind the proof is discussed in [6, p. 192].
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x

x2

x3

...

xp

y P ky −βP ky

y ⊗ x

y ⊗ x2

y ⊗ xp−1

4.5 Application to homotopy groups of spheres

There are a number of things we can now do with this spectral sequence in relation to computing homotopy

groups or stable homotopy groups of spheres. We explore two such avenues. The first is that we can explicitly

compute some of these groups in certain cases. Here is a relatively simple example.

Theorem 4.11. π4(S3) ∼= Z/2.

Proof. Starting with a map S3 → K(Z, 3), formed for instance by attaching higher dimensional cells to kill

off higher homotopy groups, we consider the fibration F → S3 → K(Z, 3). Using the long exact sequence for

homotopy groups, we have that

πi(F ) =

πi(S
3) i ≥ 4,

0 i ≤ 3.

Together with the Hurewicz theorem, we have π4(S3) ∼= π4(F ) ∼= H4(F ). We will compute H4(F ) indirectly

using the Serre spectral sequence and the universal coefficient theorem. Consider the fibration

Ω(K(Z, 3)) ∼= K(Z, 2) ∼= CP∞ → F → S3.

We know that H∗(S3) ∼= Z[x]/(x2) with |x| = 3 and H∗(CP∞) ∼= Z[a] with |a| = 2, so the E2 page of the

spectral sequence has entries Ep,q2 = Hp(S3;Hq(CP∞)) as shown in the next picture.

Observe that no d2 differentials are possible due to the spacing of the nonzero groups, so E3 = E2. In

addition, no higher differentials are possible either so the spectral sequence collapses for degree reasons and

E4 = E∞. Thus, the arrows drawn in the picture show the only possible nonzero differentials in the spectral

sequence. Since F is 3-connected, the differential d3 : E0,2
3 → E3,0

3 must be an isomorphism and so we can

identify d3(a) with x. Since the differentials are derivations,

d3(a2) = d3(a)a+ ad3(a) = 2xa

and is hence injective. Thus, E0,4
∞ = E0,4

4 = 0 so H4(F ) = 0. Moreover, the image of this differential has index 2

in the codomain, and so we must have E3,2
∞ = E3,2

4 = Z/2. That is, H5(F ) = Z/2. It follows that H4(F ) ∼= Z/2
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by the fact that torsion is shifted down by one degree from cohomology groups to homology groups, or directly

applying the universal coefficient theorem for cohomology. We may now conclude that π4(S3) ∼= H4(F ) ∼= Z/2.

Notice that π4(S3) is just in the stable range from the Freudenthal suspension theorem, so we also have

that πi+1(Si) = Z/2 for i ≥ 3. We can see this on the appropriate diagonal of the table in Figure 1 (Section

2.1), where π4(S3) is the first group to be Z/2 on its diagonal which is Z/2 in every position further along. In

addition, we have computed the stable homotopy group πs1 = Z/2.

There is much more information about certain homotopy groups of spheres that we can deduce using the

Serre spectral sequence. Further calculations of this nature are discussed in [3, 10].

The second application that we will look at deals with finiteness of homotopy groups. The idea is to consider

the rational homotopy groups π∗(S
n,Q) = π∗(S

n) ⊗ Q. Certainly, taking this tensor product means that we

lose a lot of information compared to π∗(S
n), but given the complexity of these homotopy groups this may be

a good thing. In particular, it kills all torsion in the group, so π∗(S
n) ⊗ Q = 0 if and only if π∗(S

n) is finite.

Put precisely, we will show the following result due to Serre.

Theorem 4.12. The groups πi(S
n) are finite for i > n, except for π4k−1(S2k) which is the direct sum of a

finite group with Z.

This takes us quite a long way toward computing these groups. For one, they are determined by their

p-components where p is some prime. In addition, from this we can easily obtain the next corollary.

Corollary 4.13. The stable homotopy groups πsi are finite except for πs0 = Z.

Proof. When i = 0, πs0 = πn(Sn) which is Z for all n. For i > 0, the exceptional case in the previous theorem
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is not in the stable range. That is, all homotopy groups of spheres that are in the stable range are finite, so in

particular the stable homotopy group is finite.

This justifies the attention given to computing p components of these stable homotopy groups, and can be

taken as context for the Adams spectral sequence that we shall meet in the next section.

The first step toward proving Theorem 4.12 is to compute the cohomology of Eilenberg-MacLane spaces

with rational coefficients.

Lemma 4.14. H∗(K(Z, n);Q) ∼= PQ(x) with |x| = n if n is even, and H∗(K(Z, n);Q) ∼= ΛQ(x) with |x| = n if

n is odd.

Here, PQ(x) denotes the polynomial ring with coefficients in Q with generator x, and ΛQ(x) is the exterior

algebra with generator x.

Proof. Consider the pathspace fibration

K(Z, n− 1) ∼= ΩK(Z, n)→ PK(Z, n) ' ∗ → K(Z, n).

Note that K(Z, n) is simply connected for n ≥ 2 so we can use the Serre spectral sequence with

Ep,q2
∼= Hp(K(Z, n);Q)⊗Hq(K(Z, n− 1);Q).

The form of the fibration clearly suggests an inductive argument, and indeed this is how we shall proceed. For

the base case, setting n = 1 we have K(Z, 1) ' S1 and it is clear that H∗(S1;Q) = ΛQ(x) with |x| = 1. The

induction step will require the Serre spectral sequence and depends on the parity of n.

Even case

Suppose n is even. The inductive hypothesis tells us that H∗(K(Z, n − 1);Q) ∼= ΛQ(a) with |a| = n − 1, so in

particular the only possible nonzero rows on the E2 page are rows 0 and n− 1. It follows that the only possible

nonzero differentials are dn, since any other differential must necessarily have domain zero or codomain zero.

Hence, the spectral sequence collapses at En+1.

To determine the other nonzero groups on the En page, we use the fact that the total space in the fibration is

contractible, and hence En+1
∼= E∞ is zero except at (0,0). The formal argument is basically identical to what

we used in Example 4.6. Namely, in order to kill off the copy of Q at (0, n−1) the differential dn : E0,n−1
n → En,0n

must be an isomorphism. Choose a generator x of Q ∼= dn(Qa) so that dn(a) = x. The structure of the Serre

spectral sequence implies that we now also have a copy of Q, say generated by xa, at (n, n − 1). To kill this,

the differential dn leaving this group must also be an isomorphism giving another copy of Q at (2n, 0). This

argument can be repeated indefinitely, and thus the En page has the following form, with all arrows representing

isomorphisms.

This is enough to see that Hkn(K(Z, n);Q) ∼= Q for all k, but we have not yet shown that the cohomology

is zero in all other degrees. To do this, suppose that we have a nonzero element y ∈ Hkn+i(K(Z, n);Q) ∼= Q
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n− 1
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with 1 ≤ i ≤ n − 1. The corresponding copy of Q at (0, kn + i) must be killed by some differential, and the

only possibility is that we have an isomorphism dn : E
(k−1)n+i,n−1
n → Ekn+i,0

n . In particular, E
(k−1)n+i,n−1
n is

nonzero, so E
(k−1)n+i,0
n is also nonzero. Applying this argument iteratively, we see that Ei,0n must be nonzero,

and must be killed by the differential dn : Ei−n,n−1 → Ei,0n . However, i − n < 0 so Ei−n,n−1 meaning this

differential is zero, giving a contradiction.

We still need to determine the multiplicative structure of the cohomology ring, and for this we use property

that differentials are derivations. The Leibniz rule gives

dn(ax) = dn(a)x+ adn(x) = x2

since dn(x) = 0. More generally, we have

dn(axk) = dn(a)xk + adn(xk) = xk+1

so we take xk+1 as the generator of Hk+1(K(Z, n);Q). Replacing groups by generators, the En page of the

spectral sequence looks like the following picture.

1

a xa x2a x3a · · ·

x x2 x3 x40

n− 1

0 n 2n 3n 4n

From this, we can read off H∗(K(Z, n);Q) ∼= PQ(x) with |x| = n, as claimed.

Odd case

Suppose n is odd. This time, the inductive hypothesis says that H∗(K(Z, n− 1);Q) ∼= PQ(a) with |a| = n− 1

and it follows that the only nonzero rows in the spectral sequence are those indexed by multiples of n − 1.

Observe that the first nonzero differentials appear on dn, but we cannot immediately conclude that no higher

ones are possible.

We know already that E
0,k(n−1)
n = Q, so we begin to determine other nonzero groups in the same fashion

as before. Again, we know that E∞ is trivial so we must kill off the copy of Q generated by a at (0, n − 1).
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The only possible differential that can do this is dn : E0,n−1
n → En,0n , and this must injective. In fact, it must

be an isomorphism since no higher differential can hit the (n, 0) position. This means we have copies of Q

at (n, k(n − 1)) for each k = 0, 1, . . . generated respectively by xak with dn(a) = x. At the same time, the

derivation property can be used to show that

dn(a2) = d(a)a+ ad(a) = 2ax.

That is, dn : E
0,2(n−1)
n → En,n−1

n is multiplication by 2 which is an isomorphism in Q. In general, we have

dn(am) = mam−1x so all of differentials drawn in the following picture are isomorphisms and all of the groups

shown are killed except for the one at (0, 0).

Q

Qa

Qa2

Qa3

Qx

Qxa

Qxa2

...

0

n− 1

2(n− 1)

3(n− 1)

0 n

This shows that Hn(K(Z, n);Q) ∼= Q, and it remains to show that all other cohomology groups are zero.

For 1 ≤ m ≤ n − 1, this is true because there are no differentials that can hit the position (0,m). For m > n,

the argument is basically the same as what we had in the even case. If Hm(K(Z, n);Q) is nonzero with m > n,

then we have a nonzero group at (0,m). For this to be killed by a differential in En or any later page, there

must be another nonzero group further left at some (s, t) with t < m, and hence a nonzero group at (s, 0).

Repeating this argument, we eventually find that there is a non-zero group at (m′, 0) with 1 ≤ m′ ≤ n and

which is the domain of a nonzero differential, but we have already seen that there are no nontrivial groups in

columns 1 through n− 1, and due to the known isomorphisms all differntials from nonotrivial groups in column

n are zero. Therefore, the spectral sequence collapses at En+1, and we have found that H∗(K(Z, n);Q) ∼= ΛQ(x)

with |x| = n which completes the proof of the lemma.

With this lemma in hand, we now introduce the idea of a Serre class to proceed. This concept was introduced

in [11]. Proofs of the following statements can be found in [2, p. 533].
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Definition 4.15. A Serre class C is a class of abelian groups with the property that for a short exact sequence

0 → A → B → C → 0, the group B is in C if and only if A and C are in C. We assume that any group

isomorphic to a class in C is also in C.

From this definition, one can deduce that Serre classes enjoy many nice properties such as being closed

under subgroups, quotients and extensions. Sometimes, the definition also requires that the class be closed

under tensor products and Tor between two groups of the class although this will not matter for us here.

Examples of Serre classes include:

• The trivial class C = {0}.

• FG, finitely generated abelian groups.

• TP , torsion abelian groups with elements having order divisible only by primes from a (possibly infinite)

fixed set P of primes.

• FP , the finite groups in Tp.

There is a version of the Hurewicz theorem modulo a Serre class, which gives rise to a version of the Whitehead

theorem modulo a Serre class and also rational versions of both the Hurewicz theorem and Whitehead theorem.

For details on these, we refer to [11]. We only record the theorems that we will use.

Theorem 4.16 (Hurewicz theorem mod C). For a path connected abelian space X, we have πi(X) ∈ C for

i < n if and only if Hi(X) ∈ C for i < n, and if either of these holds then the Hurewicz homomorphism

πn(X)→ Hn(X) is an isomorphism modulo C.

Theorem 4.17 (Rational Hurewicz Theorem). Let X be a simply connected space with πi(X) ⊗ Q = 0 for

i ≤ n − 1. Then Hi(X;Q) = 0 for i < n and the (rational) Hurewicz map h ⊗ Q : πn(X) ⊗ Q → Hn(X;Q) is

an isomorphism.

Here, an abelian space refers to the property that that the action of π1(X) on πn(X) is trivial for n ≥ 1. In

particular, this is satisfied if X is simply connected. To relate this back to homotopy groups of spheres we note

that since FG is a Serre class, Sn is simply connected for n > 1 and the homology groups of Sn are finitely

generated for all i, it follows that πi(S
n) is in FG (since we know πi(S

1), it is fine to have n ≥ 0). That is, we

have:

Corollary 4.18. The homotopy groups of spheres πi(S
n) are finitely generated abelian groups.

Proof of Theorem 4.12. The case when n = 1 is readily established by other means, so we assume that n > 1 and

Sn is simply connected allowing us to use the Serre spectral sequence. Given corollary 4.18 and the preceding

discussion, it is enough to show that πi(S
n) is a torsion abelian group for the specified values of i, n. Specifically,

for n odd we want to show that

πi(S
n;Q) =

Q i = n

0 else.
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and for n even,

πi(S
n;Q) =

Q i = n, 2n− 1

0 else.

In both cases, we start by considering a fibration

F → Sn → K(Z, n)

which comes from a map Sn → K(Z, n) that induces an isomorphism on πn. Using the LES for homotopy

groups we have

πi(F ) =

πi(S
n) i > n,

0 else.

Odd case

Suppose n is odd. By Lemma 4.14, we know H∗(K(Z, n),Q) ∼= ΛQ(x). Using the known cohomology ring of

Sn, the Serre spectral sequence is particularly sparse, and is drawn below.

Q Q0

0 n

There is no room for differentials, so we see that H∗(F ;Q) ∼= Q concentrated in degree 0. It follows by the

universal coefficient theorem that the same is true for homology; namely H∗(F ;Q) ∼= Q concentrated in degree

0. Then by the rational Hurewicz theorem we have π∗(F ;Q) = 0. Thus, πi(S
n;Q) = 0 for i > n.

Even case

Now suppose n is even, so we computed in Lemma 4.14 that in this case H∗(K(Z, n);Q) ∼= Q[x]. In the Serre

spectral sequence for this fibration, we then have copies of Q at (kn, 0) for k ≥ 0. In particular all columns that

are not multiples of n contain no nontrivial groups. At the same time, we know that πi(F ) = 0 for i ≤ n. Given

the cohomology of Sn, on the E∞ page there must be a Q in degrees 0 and n and what we have seen so far is

that the degree n copy can only come from position (n, 0). The remainder of groups at (kn, 0) for k ≥ 2 must

be killed off, so we need to determine which differentials can do this. The first possible non-zero differentials

are on En for degree reasons. However, we have seen that dn : E0,n−1
n → En,0n is zero, and hence E0,n−1

n must

be zero as there are no other differentials going in or out of this group. Hence the (n− 1)th row of the spectral

sequence has only trivial groups which implies that all the dns going into Ekn,0n for k ≥ 2 are also trivial.

The next possibility are the differentials on E2n. In fact, d2n : E0,2n−1
2n → E2n,0

2n now must be nonzero and in

particular an isomorphism since there are no more opportunities after this to hit the copy of Q at (2n, 0). This

means we must have a Q at (0, 2n− 1), and the product structure also copies of Q in each position (kn, 2n− 1)
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for k ≥ 1. The E2n page of the spectral sequence is shown below with the possible nonzero differentials drawn

in.

Q

Qa Qxa Qx2a Qx3a · · ·

Qx Qx2 Qx3 Qx40

2n− 1

0 n 2n 3n 4n

The generators written in are not immediate, but can be determined by the standard argument using the

derivation property, which also shows that all of the differentials shown are actually isomorphisms. Therefore,

the spectral sequence collapses at E2n+1. In particular, the information we want from this is that the rational

cohomology groups of F are Q in degree 0 and 2n− 1, and zero otherwise. By the rational Hurewicz theorem,

this implies that π2n−1F ;Q = Q, so we have π2n−1(Sn;Q) = Q and also πi(S
n;Q) = 0 for n < i < 2n− 1.

It just remains to show that πi(S
n;Q) = 0 for i > 2n−1 as well. To do this, having calculated H∗(F ), we can

take a map F → K(Z, 2n−1) by sending the generator of the nonzero cohomology group F to 1. Now turn this

into a fibration F ′ → F → K(Z, 2n− 1). This is basically the setup we had for the odd case. Indeed, applying

that argument to this fibration with F now in the role of Sn, we obtain H∗(F ′) = 0. Now using the long exact

sequence in homotopy and the rational Hurewicz theorem, we recover πi(S
n;Q) = πi(F ;Q) = πi(F

′;Q) = 0 for

i > 2n− 1 as required.

4.6 Computing H∗(K(Z/p, n),Z/p)

An important application of the Serre spectral sequence is in computing the cohomology of Eilenberg-MacLane

spaces. To do this, apply consider the pathspace fibration ΩK(G,n)→ PK(G,n)→ K(G,n). Here, PK(G,n)

is contractible and also ΩK(G,n) ∼= K(G,n−1). The latter claim from the fact that the loop space construction

is right adjoint to the reduced suspension, which allows us to write

πk(ΩX) ∼= [Sk,ΩX] ∼= [ΣSk, X] ∼= πk+1(X)

whereX is a pointed topological space. Applying this to ΩK(G,n), we see that πn−1(ΩK(G,n)) = πn(K(G,n)) =

G all of its other homotopy groups are zero. Hence, ΩK(G,n) ∼= K(G,n − 1) so we really have a fibration

K(G,n− 1)→ ∗ → K(G,n). This suggests an inductive argument using the Serre spectral sequence; we know

that Ep,q∞ = 0 except at (0, 0) since the cohomology of the total space is trivial, and using in addition the

(presumably known) cohomology of K(G,n− 1) it turns out that we are able to determine the cohomology of

K(G,n) as follows.

Let’s first focus on the illustrative case where p = 2, for which Serre’s theorem tells us the answer:
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Theorem 4.19 (Serre, [10]). H∗(Z/2, n);Z/2) is a free, graded-commutative algebra on generators SqIun where

un denotes the generator of Hn(Z/2, n);Z/p) and I is an admissible sequence with e(I) < n.

Here, free and graded-commutative just means polynomial algebra (this will not be true for odd primes).

Knowing that K(Z/2, 1) = RP∞, we have H∗(K(Z/2, 1);Z/2) ∼= H∗(RP∞;Z/2) ∼= Z2[ι1]. As 0 is the only

admissible sequence with excess less than 1, this gives a base case. We also have enough information to start

writing out some groups and differentials present in lower pages of the spectral sequence in the same fashion as

in previous computations.

The key to proceeding is to realise that this is the tensor product of certain elementary spectral sequences.

This is content of Borel’s theorem, which holds even for odd primes. Here, to define the tensor product E
′′s,t
r

of two spectral sequences {Es,tr , dr} and {E′s,tr , d′r}, we let

E
′′s,t
r =

⊕
s1+s2=s
t1+t2=t

Es1,t1r ⊗ E
′s2,t2
r

with differentials

d′′r (x⊗ y) = dr(x)⊗ y + (−1)s1+t1x⊗ d′r(y).

The theorem can be stated as follows.

Theorem 4.20 (Borel). Suppose {E∗,∗r , dr} is a first-quadrant spectral sequence of algebras over Fp for a fixed

prime p satisfying the following conditions:

1. E∗,∗2
∼= V ∗ ⊗W ∗ so that E∗,02

∼= V ∗ and E0,∗
2
∼= W ∗;

2. E∗,∗∞ is trivial, in the sense that it is Fp at (0, 0) and 0 elsewhere;

3. W ∗ has a p-simple system of transgressive generators {xi | i ∈ J}.

Then V ∗ is a free, graded-commutative algebra on generators {yi, zj} where yi = τ(xi) and zj = τ(yj ⊗ xp−1
j )

when xj has even degree, with τ denoting the transgression, deg yi = 1 + deg xi and deg zj = 2 + p deg xj.

Here, a p-simple system of generators refers to a set {xi | i ∈ J} (with J totally ordered) such that W ∗ is

generated as a vector space over Fp by the monomials xn1
i1
xn2
i2
. . . xnkik where for 1 ≤ j ≤ k we have 0 ≤ nj ≤ p−1

if |xij | is even, and 0 ≤ nj ≤ 1 if |xij | is odd.

Proof. The main idea is to show that spectral sequences satisfying the conditions of the theorem can be written

as a tensor product of two types of elementary sequences. These are defined as follows. Firstly, for s odd, define

the spectral sequence E(s) to have

E(s)∗,∗2
∼= Zp[x]⊗ Λ(y).

where x has bidegree (s+ 1, 0), y has bidegree (0, s), and τ(y) = x. This can be drawn as follows.
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y x⊗ y x2 ⊗ y x3 ⊗ y · · ·

x x2 x3 x4

For even s, let E(s) be the spectral sequence with

E(s)∗,∗2
∼= Λ(x)⊗ Zp[y]⊗ (Zp[y]/〈yp = 0〉)

where x has bidegree (s1, 0), y has bidegree (0, s), z has bidegree (2 + sp, 0), τ(y) = x and τ(x ⊗ yp−1) = z,

part of which looks like

y

y2

y3

...

yp−1

x z zx z2 z2x

x⊗y

x⊗y2

...

x⊗yp−1

z⊗y

z⊗y2

z⊗y3

...

z⊗yp−1

zx⊗y

zx⊗y2

...

zx⊗yp−1

z2⊗y

z2⊗y2

z2⊗y3

...

z2⊗yp−1

z2x⊗y

z2x⊗y2

...

z2x⊗yp−1

Both versions of E(s) satisfy the hypotheses and conclusion of the theorem; the only condition that one might

want to check is the second one, but this is easily done by noting that the differentials shown in the diagrams

are the only possible non-zero ones, and they must actually be isomorphisms due to the specified values of τ in

each case.

Now suppose we have some spectral sequence Ep,qr for which the conditions of the theorem hold. We can form

a spectral sequence which looks like Ep,qr by letting si := deg xi (recall that xi are the transgressive generators

of W ∗) and then taking the tensor product
⊗

i∈J E(si). One can check that
⊗

i∈J E(si)
∗,0
2 has the properties

we want, so if we can show that this is actually isomorphic to V ∗ then we would be done. By choice of si, there

is natural map f2 :
⊗

i∈J E(si)
∗,∗
2 → E∗,∗2 which induces an isomorphism f0,∗

2 :
⊗

i∈J E(si)
0,∗
2 → W ∗ and also

a map f∗,02 :
⊗

i∈J E(si)
∗,0
2 → V ∗. The notation is messy here, but the idea is that f0,∗

2 sends generators to

the generators xi and f0,∗
2 sends generators to the images τ(xi), with the degree of the image of the generators

chosen so that f2 = f0,∗
2 ⊗ f0,∗

2 has bidegree (0,0) and does the job. Since xi are transgressive, we have that

frdr = drfr. This allows us to extend f2 to a map of spectral sequences by defining fr+1 to be the map induced

by fr. Looking at the statement of Zeeman’s comparison theorem, we see that (i) is satisfied by construction

and (iii) is satisfied since the infinity page in both cases is trivial, so f∗,02 is the isomorphism we needed.
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Returning to the main calculation of H∗(K(Z/2, n),Z/2), Borel’s theorem gives us the general inductive

step. Recall that we are looking at the fibration

K(Z/2Z, n− 1)→ ∗ → K(Z/2Z, n).

The total space is contractible, so we have a Serre spectral sequence. By the induction hypothesis, we already

know that H∗(K(Z/2Z, 2);Z/2Z) is the polynomial ring in the admissible SqIun’s with e(I) < n, and this has

a simple system of generators consisting of the 2ith powers of these generators. We need a technical lemma to

see that these generators will be as claimed.

Lemma 4.21. The elements SqIun with I admissible and e(I) = n are exactly the powers (SqJun)2j with J

admissible and e(J) < n.

This is proved in [3, p. 564]. That is, the generators have exactly the form we want. Now note that un

transgresses to un+1 and so by Lemma 4.9, these elements are also transgressive with τ(SqIun) = SqIun+1.

The conditions of Borel’s theorem are now satisfied, and completes the proof of the result for K(Z/2Z, n+ 1).

For odd primes, the corresponding result is

Theorem 4.22 (Cartan). Let p an odd prime. We have H∗(K(Z/p, n);Z/p) is a free, graded-commutative

algebra on generators StIun where un denotes the generator of Hn(K(Z/p, n);Z/p) and I is an admissible

sequence with e(I) < n or with e(I) = n and I = (1, s, I ′).

Note that in this case free, graded-commutative algebra means the tensor product of a polynomial algebra on

even-dimensional generators and exterior algebra on odd-dimensional generators. A couple of these are written

explicitly for n = 1, 2 in [2, p. 500]. Cartan’s original proof is different from what we have done in the p = 2

case. However, this computation can be done using Serre’s argument as in [6, p. 197] by substituting some of

the results with more complex versions. Borel’s theorem provides the inductive step again, but we will need

another technical lemma to play the role of lemma 4.21.

Lemma 4.23. For a fixed odd prime p, define the admissible sequences J tk = (0, ptk, 0, pt−1k, ]ldots, 0, pk, 0, k)

and J̄ tk = (1, ptk) ◦ J t−1
k where the composition is taken to be concatenation. Let I = (ε0, s1, ε1, . . . , sk, εk) be

an admissible sequence with excess at most n for some n.

1. When n+ |I| is even and t ≥ 0, let k = 1
2 (n+ |I|). Then J tk ◦ I is admissible and e(Ht

k ◦ I) = n. Moreover,

J̄ tk ◦ I ias admissible with excess n+ 1.

2. If K is any admissible sequence with excess n+ 1, then there exist t, t′ ≥ 0 and a subsequence L of K with

e(L) ≤ n such that

(a) K = J tk ◦ L and 2k = n+ 1 + |I|, or

(b) K = J̄ tk ◦ L and 2k = n+ |I|, or

(c) K = Ht
k1
◦ J̄ t′k2 ◦ L with k1 = k2p

t′+1 and 2k2 = n+ |I|.
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For the base case, we use K(Z/m, 1) = L∞(p) for which we can compute H∗(L∞(p);Z/pZ) ∼= Λ(u1) ⊗

Z2[βu1]). Like before, the only StI with no excess is St0 giving the generator u1. The operations with excess

1 are I = (1) or of the form I − (0, pt, 0, pt−1, . . . , 0, p, 0, 1, 1), corresponding to (βu1)p
t

for t ≥ 0 of which only

βu1 is a generator. The base case is therefore verified.

With the definitions from the lemma, we note that J t1 ◦ (1) gives a p-simple system of generators for

H∗(L∞(p);Z/pZ). We need to check that H∗(K(Z/p, n);Z/p) has a p-simple system of transgressive generators.

Assuming it has the form in the theorem, if I is an admissible sequence with e(I) ≤ n then the generator StIun

transgresses to StIun+1. When StIun+1 has even degree we find a p-simple system of generators consisting of

the pith powers of StIun. This can be written as

{StIun, P kStIun, P kp(P kStIun), . . .}

where 2k = n + |I|. These transgress to generators StJ
t
k◦Iun which and gives the required p-simple system of

transgressive generators.

Now consider the pathspace fibration

K(Z/pZ, n− 1)→ ∗ → K(Z/pZ, n).

As the total space is contractible and we have verified the other conditions, Borel’s theorem gives us what we

want except it does not describe the form of the generators. Unfortunately, this last part is rather messy as we

have to consider the possible forms of the generators. If StIun is odd, StIun+1 corresponds to the elementary

spectral sequence E(s)∗,∗2 and so it generates a polynomial subalgebra of H∗(K(Z/p, n + 1);Z/p). If instead

it is even, then letting 2k = n + |I| we get elements {StIun+1, St
Jt0◦Iun, St

Jt1◦Iun, . . .} which excess at most

n. We also have generators {τ(StIun+1 ⊗ (StIun)p−1), τ(P kStIun+1 ⊗ (P kStIun)p−1), . . .)}. By the Kudo

transgression theorem, τ(StJ
t
k◦Iun+1⊗ (StIun)p−1) = βP kp

t

StJ
t
k◦Iun+1 = −StLun+1 where L = J̄p

t+1

k ◦ I. The

lemma says that L has excess n + 1, and also gives the necessary converse statement that characterises all

admissible sequences with excess n+ 1. This description is what we wanted.

Corollary 4.24. The admissible StI form a basis for AP .

Proof. These certainly span Ap is clear from the Adem relations as we can express any monomial in terms of

admissible polynomials. We claim that they are also linearly independent. If not, we must have
∑
i ciSt

I
i =

0 with ci not all zero and StIi not all identically zero, so then
∑
i ciSt

I
i un = 0. But this gives a relation

contradicting freeness of the H∗(K(Z/pZ, n);Z/pZ) as we have just computed.

The payoff from this lengthy calculation is that we can now relate the cohomology operations to the Steenrod

algebra. Specifically, consider the map ΣK(Z/pZ, n)→ K(Z/pZ, n+1) which in cohomology sends the generator

un+1 ∈ Hn+1(K(Z/pZ, n+ 1)) to the suspension of un in Hn+1(ΣK(Z/pZ, n)). By the Freudenthal suspension

theorem, this induces an isomorphism on homotopy groups πi for i < 2n− 1. This is also true for homology by
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Hurewicz’ theorem and hence cohomology as well, so the sequence

· · · → H̃∗(K(Z/pZ, n+ 1);Z/pZ)→ H̃∗(K(Z/pZ, n);Z/pZ)→ · · ·

stabilises in the sense that we will attain the inverse limit if n is large enough. Now recall that a cohomology

of operation of type (Z/pZ, n,Z/pZ,m) corresponds to an element in H̃m(K(Z/pZ, n);Z/pZ), so what we have

described are exactly the mod p stable cohomology operations. At the same time, the theorems of Serre and

Cartan implies that elements in H̃∗(K(Z/pZ, n);Z/pZ) below dimension 2n can be expressed as SqIun with I

admissible so this inverse limit is also Ap. We have shown:

Theorem 4.25. Ap is the algebra consisting of all stable cohomology operations.

34



5 The Adams spectral sequence

5.1 Spectra

The sketch of spectra we present here comes from [2, Chapter 5], which in turn follows the treatment due to

Adams [1, Part III.15].

Definition 5.1. A spectrum is a sequence of pointed spaces Xn, n ≥ 0, together with basepoint-preserving

structure maps σn : ΣX → Xn+1.

Some examples of spectra include:

• The suspension spectrum of a space X, in which we have Xn = ΣnX with structure maps σn being the

identity.

• As a specific example of the above we have the sphere spectrum, denoted simply by Sn, which is the

suspension spectrum of the space S0. Here, Xn = Sn and the structure maps are homeomorphisms since

ΣSn ∼= Sn+1.

• An Eilenberg-MacLane spectrum for an abelian group G, where Xn is a CW complex K(G,n) and

ΣK(G,n)→ K(G,n+ 1) is the adjoint of a map giving a CW approximation K(G,n)→ ΩK(G,n+ 1).

One can think of spectra as simultaneously generalising a space and an abelian group. Importantly, many

familiar results generalise to spectra, which makes them nice to work with. The idea is that spectra should be

the natural object to consider when studying stable phenomena; when working with spaces, it can be awkward

to take iterated suspensions in all the places needed to stay within the stable range, but this is embedded in a

spectrum already. With this in mind, the homotopy groups πi(X) of a spectrum X is defined to be the direct

limit of the sequence

· · · → πi+n(Xn)
Σ−→ πi+n+1(ΣXn)

σn−−→ πi+n+1(Xn+1)
Σ−→ πi+n+2(ΣXn+1)→ · · · .

For the sphere spectrum, the Freudenthal suspension theorem tells us that the homotopy groups in the sequence

stabilise. This stable value is by definition both a homotopy group of a sphere spectrum, and a stable homotopy

group of a sphere. This definition also makes sense for Eilenberg-MacLane spectra: with Xn = K(G,m + n),

again the Freudenthal suspension theorem implies that ΣK(G,m+n)→ K(G,m+n+1) induces an isomorphism

on homtotopy groups of the space up to dimension approximately 2(m + n), so πi(X) = G for i = m and 0

otherwise as we would hope.

The homology of a spectrum can be defined analogously to homotopy, but for cohomology it is convenient

to consider CW spectra.

Definition 5.2. A CW spectrum is a spectrum X consisting of CW complexes Xn with the maps ΣXn ↪→ Xn+1

being inclusions of subcomplexes.
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One can construct Eilenberg-MacLane CW spectra. In general, whenever a spectrum X consists of CW

complexes, one can always find an equivalent CW spectrum. We can talk about the cells of X, not just the cells

of Xn, by taking them to be equivalence classes of nonbasepoint cells of all of the spaces Xn where we regard a

cell eiα in Xn and its suspension ei+1
α in Xn+1 as equivalent. That is, a k-dimensional cell in X consists of cells

ek+n
α of Xn for all n after some certain point. Note that it is possible for cells to have negative dimension.

Definition 5.3. A connective CW spectrum is one whose cells are bounded below in dimensions.

To justify the choice of terminology, the connectivity of the spaces Xn go to infinity as n goes to infinity.

Definition 5.4. A CW spectrum finite if it has finitely many cells, or of finite type if has finitely many cells in

each dimension (but possibly infinitely many cells overall).

We may define homology and cohomology of CW spectra in terms of cellular chains and cochains. We have

an inclusion C∗(Xn;G) ↪→ C∗(Xn+1;G) induced by the structure maps and shifting dimension. The union of

this sequence of chain complexes gives C∗(X;G). We then define C∗(X;G) to be the dual chain complex with

Ci(X;G) = Hom(Ci(X;Z), G), and then H∗(X;G) is the homology of this chain complex.

Finally, we consider what maps between spectra should look like. There is an obvious ‘good’ map that we

can define.

Definition 5.5. A map f : X → Y between spectra is strict if it consists of a sequence of basepoint preserving

maps fn : Xn → Yn for which

ΣXn Xn+1

ΣYn Yn+1

Σfn fn+1

commute.

There is a weaker notion of such maps that are still nice in the sense that they induce maps on homotopy,

homology and cohomology. This requires a slightly indirect definition.

Definition 5.6. A subspectrum X ′ of a spectrum X is a sequence of subcomplexes X ′n ⊂ Xn such that

ΣX ′n ⊂ X ′n+1. A cofinal subspectrum is one for which each cell in the larger spectrum is eventually contained

in the subspectrum after finite suspensions.

Definition 5.7. We say that f : X → Y is a map of CW spectra if it is a strict map X ′ → Y for some cofinal

subspectrum X ′ or X.

In general, if we have something defined on a cofinal subspectrum, then we consider this to be as good as

having it for the original spectrum. In particular, two maps are considered the same if they agree on some

cofinal subspectrum. A homotopy of maps between spectra is defined completely analogously to that for maps

between spaces, so it is natural to consider the set of homotopy of classes of maps [X,Y ], where X and Y are
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CW spectra. In fact, [X,Y ] is an abelian group, and this is the sense in which spectra generalise abelian groups.

We can also characterise cohomology in terms of Eilenberg-MacLane spectra as we did for spaces; namely

Hm(X;G) ∼= [X,K(G,m)]

for all CW spectra X.

5.2 Construction and convergence

The idea of the construction is to start by building a particular free resolution of a spectrum X called the

Adams resolution. Taking homotopy then gives us an exact couple, and hence a spectral sequence.

Let X be a connective CW spectrum of finite type and p be a fixed prime. We will be working with

coefficients in Z/pZ. Denote the Eilenberg-MacLane spectrum by HFp, and although recall that we have

computed H∗(HFp) ∼= Ap although it was not phrased quite like this at the time. We are looking to construct

a resolution of the form

X X1 X2 X3 · · ·

∨
α ΣnαHFp

∨
β ΣnβHFp

∨
γ ΣnγHFp

j

i

j

i

j

i

k k k

where each homomorphism j∗ is surjective. This can be done inductively. As X has finite type, we can pick

generators αi of Hdi(X;Z/pZ) as an Ap module with each degree being finite. Then the natural map∨
i

ΣniHFp →
∏
i

ΣniHFp

is a homotopy equivalence, and so the map X →
∏
i ΣniHFp from the chosen generators determines a map

X →
∨
i ΣniHFp. This gives us the wedge of suspensions of Eilenberg-MacLane spectra we wanted. We then

set X1 = hofib(j : X →
∨
i ΣniHFp). Continuing by induction gives us the resolution.

Now, apply πY∗ (−) = [ΣtY,−] (in the following diagram, we have set Y = S0 so this is regular homotopy).

This gives us an unrolled exact couple

π∗(X) π∗(X1) π∗(X2) π∗(X3) · · ·

⊕
i ΣniFp

⊕
j ΣnjFp

⊕
k ΣnkFp

j

i

j

i

j

i

k k k

and hence we obtain a spectral sequence. This is the (mod p) Adams spectral sequence. An element Es,tr is

described as have filtration is s, total degree t−s and internal degree t. By convention, the pages of this spectral

sequence are drawn with (t− s, s) coordinates. In terms of differentials, this means that dr : Es,tr → Es+r,t+r−1

points one unit left and r units upwards.

Again, in order to see that this spectral sequence is useful we must identify computable low page terms, and

also deal with convergence. We shall just give an idea of these matters, and refer to [3] for details and proofs. To
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simplify notation, let Ks :=
∨
i ΣniHFp be the codomain of the map from Xs in the resolution we constructed.

Also, let Y be arbitrary again. Elements of [Y,Ks] are tuple of elements of H∗(Y ) with one for each wedge

summand. As H∗(Ks) is free over Ap, the natural map [Y,Ks]→ Hom0
A√(H∗(Ks), H

∗(Y )) is an isomorphism.

Similarly, taking suspensions of Y instead gives an identification [ΣtY,Ks] → Homt
Ap(H∗(Ks), H

∗(Y )). Here,

the Homt means homomorphisms that lower degree by t. Therefore, we can identify

Es,t1 = πYt (Ks) = Homt
Ap(H∗(Ks), H

∗(Y )).

Moreover, the complexes on E1 are

0→ Homt
Ap(H∗(K0), H∗(Y ))→ Homt

Ap(H∗(K1), H∗(Y ))→ · · · .

and the homology of this is, by definition of Ext, exactly Exts,tAp(H∗(X), H∗(Y )). Hence,

Es,t2 = Exts,tAp(H∗(X), H∗(Y ))

This is the form we use for computation.

Convergence is summarised in the following theorem.

Theorem 5.8. For X a connective CW spectrum of finite type, the Adams spectral sequence converges to πY∗ (X)

modulo torsion of order prime to p. That is,

• For fixed s, t and large enough r, the groups Es,tr are independent of r and the stable groups Es,t∞ are

isomorphic to the quotient F s,t/F s+1,t+1 for the filtration of πYt−s(X) by the images F s,t of the maps

πYt (Xs)→ FπYt−s(X).

•
⋂
n F

s+n,t+n is the subgroup of πYt−s consisting of torsion elements of order prime to p.

This idea is that we can filter πt−s(X) by how far its elements pull back in the Adams tower, which is not

unlike what we did saw when discussing the Serre spectral sequence. In this case though, we can have the tricky

situation that an element may pull back indefinitely and hence never be detected. This will be the case for

instance if we have order prime to p, which is why this information is lost. However, it will also occur if we

have elements of infinite order. In overcoming this one really requires the assumptions placed on the spectrum.

The argument, which we shall omit entirely, can be found in [6, p. 398].

There are many interesting features of the Adams spectral sequence that we will not mention. However, one

thing that is useful to us is the fact that, like the Serre spectral sequence, there is also a multiplicative structure

in this case which is discussed in detail in [6, p. 403]. We will use this, in particular the derivation property, to

work out some differentials.

5.3 An example computation

The main tool we will use when computing Ext groups needed to obtain the E2 page of the Adams spectral

sequence is constructing minimal free resolutions.

38



Definition 5.9. A minimal free resolution is a free resolution in which we have chosen the minimum number

of generators in each degree during the inductive construction.

Lemma 5.10. For a minimal free resolution · · · → F2 → F1 → F0 → H∗(X) → 0, all boundary maps in the

dual complex

· · · ← HomAp(F2,Z/pZ)← HomAp(F1,Z/pZ)← HomAp(F0,Z/pZ)← 0

are zero, and hence Exts,tAp(H∗(X),Z/pZ) = Homt
Ap(Fs,Z/pZ).

This says that we can determine the terms on the E2 page of the spectral sequence by constructing such a

minimal free resolution, and this is purely mechanical. Nonetheless, given that we are working over something

as complex as the Steenrod algebra, it is difficult to do very much by hand. To illustrate the general method,

we consider a simpler example.

Example 5.11. Suppose we want to compute the homotopy groups ku, which is the connective cover of KU

which is the compkex K-theory spectrum. It is not necessary to worry about the definition as long we have

an input for our spectral sequence. Let’s accept as fact that H∗(ku,Z/2Z) ∼= A2 ⊗E1
Z/2Z where E1 is the

exterior algebra on generators Sq1 and [Sq1, Sq2] = Sq1Sq2 + Sq2Sq1 = Sq3 + Sq2Sq1. Here, we have used

an Adem relation Sq1Sq2 = Sq3. We need to calculate Ext∗A2
(A2 ⊗E1

Z/2Z,Z/2Z). Notice that E1 would be

much simpler to work with than the full Steenrod algebra. There is a useful lemma that allows us to make a

trade in this situation.

Lemma 5.12 (Change of rings). ExtnR(R⊗S M,N) ∼= ExtnS(M,N).

This can be proved using the tensor-hom adjunction and the definition of Ext. Applying this lemma, we have

Ext∗A2
(A2 ⊗E1 Z/2Z,Z/2Z) ∼= Ext∗E1

(Z/2Z,Z/2Z).

We can do this by hand. A nice way to organise this computation is to set up a table with columns index by

filtration s and rows indexed by total degree t− s. Referring to (t− s, s) coordinates in this table, we obtain a

minimal resolution by the following thought process:

• To start, we must have a generator 1 at (0,0). Using the generators of the exterior algebra, this gives

elements Sq1 at (1,0), Sq3 + Sq2,1 at (3,0) and Sq3,1 at (4,0). That’s all for column 0.

• Moving to column 1, we need elements mapping to each of the elements (except 1) in column 0 to

ensure exactness. Thus, we must pick a generator α1 7→ Sq1. We then get elements Sq1α1 at (1,1),

(Sq3 +Sq2,1)α1 at (3,1) and Sq3,1α1 at (4,1). To see where these map, we need to use the Adem relations.

First, Sq1α1 7→ Sq1,1 = 0 so this is in the kernel. There is no available element to map to Sq3 + Sq2,1, so

we must have another generator α3 7→ Sq3 + Sq2,1 in (2,1). This gives Sq1α3 at (3,1), (Sq3 + Sq2,1)α3 at

(5,1) and Sq3,1α3 at (6,1). We then determine that (Sq3 + Sq2,1)α1 7→ Sq3,1, Sq1α3 7→ Sq3,1 whilst the

other elements all map to 0. Everything in the kernel has now been hit, so we are done with column 1.
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• Column 2 starts the same way. The elements that we need to hit are Sq1α1, (Sq3 + Sq2,1)α1 + Sq1α3,

(Sq3 + Sq2,1)α3, Sq3,1α1 and Sq3,1α3. We need a generator β2 7→ Sq1α1 at (0,2). Again, we write in

our three elements and the working is identical to column 1 in that we need a generator β4 at (2,2).

Eventually, we also need a third generator β6 7→ (Sq3 + Sq2,1)α3 at (4,2). This turns out to be all the

generators needed for this column.

Already, we can see a pattern emerging. Whenever we have a generator in (x,y), there is also a generator at

(x, y + 1). In addition, at column i we must introduce an extra generator at (2i,i) in order to hit an element of

the form (Sq3 +Sq2,1)γ where γ is a generator with filtration s = i− 1. Ultimately, the E2 page of the spectral

sequence is as drawn in the following picture.
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Each node presents a copy of Z/2Z, and their positions are given by their coordinates in the table. Recall that

the differentials dr are drawn pointing one unit left and r units up, so one can see that no differentials can exist

here or indeed on any page. Thus, the spectral sequence collapses for degree reasons and we have E2 = E∞.

From this we can see that the 2-primary part of πn(ku) is Z for even n and 0 otherwise.

5.4 Calculating stable homotopy groups of spheres

Fix p = 2. Returning to our main line of pursuit, we have noted that computing 2-torsion parts of the stable

homotopy groups of spheres amounts to computing the homotopy of the sphere spectrum, and this in turn

amounts to computing ExtA2(Z/2Z,Z/2Z). The method we use is exactly that used in the last example, except

rather than having just three generators for the algebra we now have infinitely many; namely all SqI where I is

admissible. This makes the process not only more arduous, but may seem potentially problematic since we can

no longer work column by column as we were doing before. However, one can observe that we do not actually

need the entire previous kernel to determine whether a generator is needed in a particular position, so this issue
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is avoidable. Here is what the spectral sequence looks like up to t− s = 15, with each node representing a Z/2Z

summand.
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In fact, there are even more efficient ways to compute these Ext groups. Remarkably, there is another

spectral sequence, the May spectral sequence, which converges to the E2 page of the Adams spectral sequence

and uses the Hopf algebra structure of the dual Steenrod algebra. Details of this can be found in [9, Chapter 3.2]

as well as [6, from p 441].

The problem here is that although we have a way of determining the groups on the page, there is no

systematic way to compute the differentials so this is the main limiting factor on how far we can go with these

calculations. In the range shown, it is possible to show that the only nonzero differentials originate from the

column with total degree 15, and are marked as line segments with negative slope. There is not much room for

differentials here, and those that appear possible can be discounted using the derivation property. For example,

let the copies of Z/2Z in positions (0, 1), (1, 1) and (7, 1) be generated by h0, h1 and h3 respectively. From the

diagram alone it is possible that dr(h1) = hr0 for r ≥ 2, however if this is the case for any r then the product

structure implies that

dr(h1h0) = dr(h1)h0 = hr+1
0 6= 0

which is a contradiction since h1h0 = 0 and hence dr(h1h0) = 0.

We can also show that the first nonzero differential in the spectral sequence, d2 : E1,16
2 → E3,17

2 is really

nonzero. Since h3 has odd total degree, then the graded-commutative structure of πi(s) implies that 2h3 = 0.

In the drawing above, elements connected by vertical lines are related by Sq1 in E2, and this corresponds to

multiplication by 2 in the homotopy group, so 2h3 gives the group in position (14, 3) and this must be killed by
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some differential. The only possible one is that drawn, so it must be nontrivial.

Now assuming we have differentials are calculated in some range, we are then able to determine the summands

that survive to E∞ and hence read off the 2-torsion. The vertical lines represent multiplication by 2 in πs∗ so, for

example, we have that the 2-torsion in πs7 is Z16 and after some groups are killed by differentials the 2-torsion

in πs14 is seen to be Z2 × Z2.

It must be noted that the effectiveness of easy ad hoc deduction in these instances is not at all representative

of the difficulty of computing differentials in general. In reality, there are many nonzero differentials in the

spectral sequence, and determining where these lie is a continuing work in progress. For p = 2, differentials

have been determined up to total degree a little over 60, as well as some incomplete knowledge of later ones.

The rather fascinating chart for the spectral sequence in this range is included in [5].

There is no difference in computational method when we look at odd primes, and the difficulty with de-

termining differentials is unsurprisingly also present although there is more regularity for larger p. In low

dimensions, the start of the calculation for p = 3 is given in [6, p. 415]. In the cases p = 3 and p = 5, one might

like to peruse the pictures of the spectral sequence in [4] which also summarises some interesting patterns that

can be observed. For details on methods to compute differentials as well as further structure present in the

spectral sequence, we refer the interested reader to [6, Chapters 9.5 and 9.6].
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