Disordered Analogues of
Triply-Periodic
Minimal
Surfaces
Michelle Gardiner
Supervised by Associate Professor Gerd
Schroeder-Turk and Professor Bruce Gardiner
Murdoch University

Vacation Research Scholarships are funded jointly by the Department of Education and Training and the Australian
Mathematical Sciences Institute.

1

Contents
Page
1. Abstract………..………………...…………………………………………..…. 3
2. Triply-periodic minimal surfaces and their occurrence in biological
nanostructured materials…............……………….......................................3
3. A tentative algorithm for the generation of disordered analogues
of triply-periodic minimal surfaces ….……………………………………… 6
3.1 Construction of a spatially uniform but disordered polyhedral
tessellation……………………………………......………………………….…6
3.2 Lloyd’s Algorithm………………………………………………………….... 6
3.3 Monte Carlo Method…………………………………………………………8
3.4 Surface Area Minimisation……………………………………………..........8

4. Results………………………………………….…………………………….....9
4.1 Schwarz P Surface ………………………...………………………………. 9
4.2 Disordered Analogue……………………………………………………….. 9

5. Discussion and Conclusion………………………………….………10
6. Acknowledgements…………………………………………………..…11
7. References………………………………………………………………....12

2

1. Abstract
This report focuses on investigation and modelling of naturally occurring bicontinuous
triply-periodic minimal surfaces (TPMS). Strikingly, in some green butterflies and beetles,
these nanostructures are responsible for the appearance of colour in surfaces, by causing
the reflection of light through interference effects. Mathematical models for ordered
versions of these nanostructures exist and have been applied in many areas of science.
However, there is yet to be a mathematical model of a disordered analogue of an ordered
bicontinuous TPMS. Given recent interest in disordered functional materials, the
development of such a model would not only address an interesting mathematical
question but would contribute to fields such as biology and chemistry.

2. Triply-periodic minimal surfaces and their occurrence in
biological nanostructured materials
Triply-periodic minimal surfaces were first discussed Herman Schwarz in 1890, further
research and computational analysis has since been accomplished by the likes of Alan
Schoen (Schoen, n.d.) in 1970 and more recently Stephen Hyde (Hyde, 1997), among
many other academics fascinated by this category of surfaces. Bicontinuous minimal
surfaces are symmetric saddle-shaped interfaces with mean curvature equal to zero at
every point (Grosse-Brauckmann, 1997). Their ‘bicontinuity’ property is described as
being comprised of two separate intergrown labyrinth-like networks which each contain
50% of the volume (Wilts et al., 2017).
This category of nanostructures exists naturally. A particular ordered example is the
Gyroid, which is found in the wing of the T. opisena butterfly (Wilts et al., 2017). An
ordered geometry refers to a structure that contains periodicity or crystallographic
symmetries. The Gyroid is known to produce green colouration without the use of
pigmentation, this is due its the structure and properties allowing it to reflect light without
chemically absorbing frequencies of the spectrum. A Gyroid however, causes constructive
or destructive interferences in the frequencies therefore, causing the removal of colours
from the reflection (Schroeder et al., 2018).
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The surfaces discussed above are ordered in nature, they are crystallographic structures,
with translational periodicities which for the Gyroid, Schwarz P surface and Schwarz D
surface are all cubic. There are also many rotation, screw-rotation, glide-planes, reflection
and (for double geometries) inversion symmetries, according to the corresponding space
groups la3d for double Gyroid, Im3m for double Primitive surface, Pn3m for double
Diamond surface (Hyde, 1997) and I4(-1)32 for single Gyroid, Fd3m for single Diamond
surface, Pm3m for single Primitive surface (Schroeder et al., 2003).
This research project poses the question ‘Is there a mathematical model for disordered
analogues of ordered bicontinuous triply-periodic minimal surfaces?’. To meet the
bicontinuous TPMS requirements, the surface must be subdivided in two separate
domains that are intertwined, it also must have a mean curvature equal to zero at every
point on the surface and lastly it must not have any translational symmetries. Some
minimal surfaces do exist that do not contain translational symmetries, such as the
catenoid, the Helicoids and Scherk’s surface in figure 1, but it is clear that these surfaces
are not bicontinuous. More rigorously, these non-periodic minimal surfaces have vanishing
average Gauss curvature: when you integrate the Gauss curvature over the surface. This
is because they are asymptotically flat as they approach infinity, and the asymptotic ends
dominate the averaging of the Gauss curvature. By contrast, TPMS’s have finite (and
negative) average Gauss curvature, we are looking for disordered surfaces that share this
property.

Figure 1 Scherk's Surface: A minimal surface that does not contain symmetries but also does not consist of two
labyrinth-like channels in which this project is looking for. (Weisstein, 2019)
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Some motivation for such a research question is provided by the occurrence of structures
in nature and chemistry. Disordered analogues of TPMS’s are known to exist naturally
such as in the biophotonic crystals in parrots (Wilts et al., 2019) (figure 2) or in the soft
matter L3 sponge phase of lipids (Seddon et al., 2011). To model these materials,
mathematical models for disordered bicontinuous structures (with vanishing mean
curvature) could prove useful.
This research project attempts to numerically construct a disordered analogue of such
nanostructures using computational techniques. The methodology employed in this project
includes the use of Voronoi partitions of space, Lloyd’s Algorithm (Lloyd, 1982), Monte
Carlo Sampling and a program called ‘Surface Evolver’ (Emmer and Brakke, 1992).
(Louis-Rosenberg, 2018)

Figure 2: Disordered keratin nanostructure in the blue feather of the Parrot [Scarlet macaw, Ara macao(Right):)
Scanning electron micrograph of the disordered nanostructure(Left). (Yin et al., 2012).

While this report is fully my own work, the research project was a close
collaboration with my supervisors Associate Professor Gerd Schroeder-Turk & Professor
Bruce Gardiner, and with extensive assistance from two graduate students, Philipp
Schoenhoefer and Tobias Hain.
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3. A tentative algorithm for the generation of disordered
analogues of triply-periodic minimal surfaces
3.1 Construction of a spatially uniform but disordered polyhedral tessellation
The first step was to create a point set in three dimensions within unit cube bounds. From
this point set we created a Voronoi partition, a Voronoi partition starts with an originating
point set and creates cells around each originating point, for which every point within the
cell is closest to the originating point and no other (Okabe et al., 2009).
To create an example of an ordered bicontinuous TPMS, the points used were from the
Body Centred Cubic Lattice. This example evolved into the Schwarz P Surface, a known
mathematical model with minimal surface area (Gandy and Klinowski, 2000).
In order to establish a disordered analogue, a randomised point set was required.
However, the randomness of the points causes irregularities in the Voronoi cells and
neighbourhoods, with varying shape and volume, as shown in figure 3.

Figure 3: Visualisation of 3 dimensional Voronoi tessellation of space created in Houdini software.

3.2 Lloyd’s Algorithm
To approach a more homogeneous point set and array of Voronoi cells, whilst still
maintaining the disordered nature, iterations of Lloyd’s Algorithm were applied. Lloyd’s
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algorithm is used to create nice smooth meshes in computer visualisation. This particular
algorithm calculates the Centre of Mass for each Voronoi cell and then translates the
originating point to these coordinates (Klatt et al., 2019). The Centre of Mass is calculated
by integrating the position vector (x) over all the points in the cell (K) and dividing by the
volume as shown in Formula 1.
One iteration of this process is depicted in two dimensions in figure 4 below, highlighting
the movement of the generating point to the Centre of Mass.

Figure 4: Depiction of Lloyd's algorithm, demonstrating the generating point moving to the Centre of Mass for the
corresponding Voronoi cell. (Klatt et al., 2019)

Formula 1: Centre of Mass
C=

!
" '

𝑥 𝑑𝑉

Since we are working with polyhedral cells, there is a neat way for calculating the Centre
of Mass as a surface integral, rather than as the volume integral as it is defined. We can
use Gauss’s theorem to convert this formula to the integral over the bounding surface, as
this is considerably easier to calculate numerically for a polyhedral cell.
This process was iterated for approximately ten thousand steps, resulting in a
configuration that has converged to a largely static configuration, remaining fully
disordered yet with Voronoi cells that are similar in shape and volume.

7

3.3 Monte Carlo Method
The next step was to create an interface surface between the cells, in order to create
exactly two network-like domains, each of which with very uniform thickness (one Voronoi
cell in width). In this research project, we test the idea that such an interface can be
obtained as the interface with maximal surface area out of all of the partitions of cells into
black and white such that 50% are black and 50% are white. To do so, our algorithm
labelled 50% of the cells black, and the other 50% white, it then extracted the interface
between the two cell types. To do this a code called ‘Pomelo’ was applied, this algorithm
removes all of the internal walls shared between cells of the same colour and produces a
file compatible with Surface Evolver (Schaller et al., 2013).
A type of Monte Carlo sampling was used to maximise the surface area of the interface
between black and white, consequently, allowing the assumption that the final structure
would demonstrate the bicontinuous quality. The algorithm calculated the interface area of
the original configuration and then randomly sampled one black cell and one white cell and
inverted their colours. It then re-calculated the interface area, if the new configuration had
a larger area then it would keep it, if the area was smaller it reverted back to the original.
This process was iterated thousands of times until the interface converged to a maximal
area. The algorithm also created multiple initial configurations and chose the point set that
converged to the largest surface area. Therefore, ensuring that it did not converge to a
local maximum rather than the global maximum interface area.

3.4 Surface Area Minimisation
To obtain a mean curvature equal to zero at every point on the surface a gradient descent
surface area minimisation tool called ‘Surface Evolver’ (Emmer and Brakke, 1992) was
used. Surface Evolver uses gradient descent (or variants such as conjugate gradient
descent) as a minimisation method and Lagrange Multipliers to enforce the volume
constraint on the triangulated surface. Using this program, we could manipulate how our
surface was triangulated, redefined, minimised and importantly, in what order we took
these steps. However, the program is sensitive to this process, and minor changes in the
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order or triangulation can lead the the surface not maintaining the integrity of the original
structure.

4. Results
4.1 Schwarz P Surface
Firstly, the algorithm was tested on the point set of the Body Centred Cubic lattice in the
hope of converging to the Schwarz P surface. The Schwarz P surface is an ordered
bicontinuous TPMS for which a mathematical model exists. The surface converged
correctly if it displayed a symmetric saddle surface. Please note, in this case we did not
apply Lloyd’s algorithm, as the originating points or the Body Centred Cubic lattice already
exist at the Centre of Mass for the corresponding Voronoi cells. Figure 4, demonstrates
how the algorithm discussed in this project resulted in the convergence of the Schwarz P
minimal surface successfully.

Figure 5: Schwarz Primitive Surface, an example of an ordered bicontinuous triply-periodic minimal surface, created
using the algorithm outlined in this project excluding the Lloyd’s algorithm step.

4.2 Disordered Analogue
Next the algorithm was tested on a randomised point set in the hope of constructing a
disordered analogue. The specific example below (figure 5), started with 40 random points
in ten different initial configurations, then iterated Lloyd’s Algorithm 10 000 times and used
`Monte Carlo’ sampling with 10 000 random swaps. The surface with the largest interface
area out of the ten was selected and loaded it into Surface Evolver to approach the final
step in the algorithm. The surface we obtained did not converge to a smooth structure as it
did not maintain the integrity of its initial shape. In figure 5 it is obvious that areas of the
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surface have shrunk into line-line structures which are referred to as pinching effects
(Highlighted by the red arrow in figure 7), this guaranteed that the mean curvature would
not equal zero at these points. For the mean curvature to equal zero at any given point,
the two principle curvatures need to be equal in magnitude but opposite in sign (symmetric
saddle point).

Figure 6: Disordered bicontinuous surface produced by the algorithm discussed in this report. The Red arrow indicates
the location of line-like structures exhibiting the pinching effect.

5. Discussion
This research project was just the beginning of the mathematical inquiry into the
mathematical model of disordered analogues of TPMS’s, there are not yet any published
papers with a solution however there is research into how these nanostructures behave
and their properties.
In six short weeks this project accomplished the first few curial steps towards our final goal
of a perfectly smooth disordered minimal surface with average curvature equal to zero at
every point. It is possible that refining surface area minimisation steps will result in a stable
solution. To do so, more focus is required on the order of steps and triangulation within
Surface Evolver.
Another approach would be to use a different functional to reach the H=0 (H being the
average curvature) state. In what we have presented, we used the concept that areaminimising surfaces have H=0. Hence, we attempted to minimise the surface area and, in
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order to avoid instabilities, fixed the volume to 50% for each channel. An alternative is to
use the functional that penalises deviations from H(p)=0 for every point. Such a functional
can be written as seen in Formula 2 below. Clearly, if this functional is 0, then H(p)=0 for
each point. This functional might be more stable, and less prone to showing the pinch-off
effects we have seen here. (Willmore’s Functional)
Formula 2:
[𝐻(𝑝)]2 dA
A further prospect worth exploring would be to include the internal facets (faces between
two cells of the same colour) and applying certain constraints upon them, which would in
turn restrict the labyrinth-like tunnels from shrinking into line-like structures.
A mathematical model of disordered analogues of bicontinuous TPMS’s has yet to be
produced. This research project attempted to numerically construct such a model, with
further research to be done the goal remains. It is important to construct a mathematical
model of these nanostructures as there are many scientific applications that would benefit
from having the surfaces defined.
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