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1 Abstract 

Concentration inequalities are introduced as tools to bound tail probabilities, with initial focus on 

the results of Markov and Chebysheff for their universality. Their poor practicality, however, 

requires further specification of the random variable in question to apply more suited inequalities 

that produce tighter bounds. This report will discuss several inequalities that have various 

conditions to bound different types of tail probabilities. Finally, the weak law of large numbers is 

discussed as a theoretical implication of concentration inequalities. 

 

2 Introduction 

Probability is the measure of uncertainty. It quantifies the likelihood of an event yet to happen. The 

ability to measure this defines the field of statistics and is valuable across all scientific areas. 

Consider the case if one wished to calculate probabilities about a population to be researched or if 

simply a probability is too complicated to calculate. A useful tool in these cases are concentration 

inequalities, which provide an upper bound on where an unknown tail probability lies in. The most 

common of these describe how concentrated a random variable is about a particular value, such as 

its mean. Famous examples include Markov’s inequality and Chebysheff’s inequality which will be 

defined formally. They are fundamental results, applicable to a wide class of distributions. 

Consequently, the upper bounds they provide are far too large to practically capture an unknown 

probability. The strategy then is to apply other inequalities with tighter bounds. There exist many 

other inequalities capable of this, but they require specific distribution properties to be applicable or 

access to some piece of information to be used. This will be explored in various contexts, including 

single and two-tailed probability tails, probabilities for a sum of random variables, and maximal 

inequalities which will be defined. Beyond their practicality, concentration inequalities also provide 

interesting theoretical implications; not least of all is the ‘weak law of large numbers’ which is a 

key theorem that follows from Chebysheff's inequality. 

 

Statement of Authorship 

Under the direction and supervision of Dr Georgy Sofronov, Matthew Hanna compiled and 

categorised several probability inequalities of the Chebysheff type and theory related to the law of 

large numbers, and furthermore performed his own calculations and made his own graphs to 

interpret their use. 
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3 The Fundamental Inequalities 

3a Markov’s Inequality  

Markov’s inequality (Gut, 2005) states that for a non-negative random variable 𝑋 with finite mean 

𝜇, then for any positive real 𝜆: 

Pr(𝑋 ≥ 𝜆) ≤
𝜇

𝜆
 

This inequality lends to its fundamental value in proving a number of subsequent results, 

particularly the next one. The upper bound is a multiplicative inverse of 𝜆. As with most of the 

results to follow, as the chosen value of 𝜆 increases, the bound produced converges to zero. 

 

3b Chebysheff’s Inequality 

Chebysheff’s inequality (Gut, 2005) states for any random variable 𝑋 with finite mean 𝜇, finite 

variance 𝜎2, then for any positive real 𝜆: 

Pr(|𝑋 − 𝜇| ≥ 𝜆𝜎) ≤
1

𝜆2
 

Perhaps the most fundamental concentration inequality, Chebysheff’s result arguably has the most 

simplistic requirements of mean and variance; two quantities a random variable is likely to have. In 

contrast to before, the bound is an inverse square of 𝜆, and will converge to zero at a greater rate.  

 

3c Tighter Bounds 

It should first be noted that the bounds produced in these two results cannot be tightened without 

further specifying the random variable 𝑋. Markov and Chebysheff’s inequalities are incredibly 

universal – the latter more so – due to the wide class of distributions they must adhere to. The cost 

of this fundamentality is their poor use in practice; they will produce bounds that overshoot true tail 

probabilities. 

 

If concentration inequalities were to be used to give an idea for some unknown tail probability, the 

strategy then is to use another result besides these two. The said result should incorporate more 

information about the random variable, reducing the class of applicable distributions, and thus 

produce a tighter bound.   
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4 Two-Tailed Probabilities 

The following is a discussion of various concentration inequalities as applied to bounding two-

tailed probabilities. For any real 𝑎 and 𝜆 > 0, such an inequality can be stated generally as:  

Pr(|𝑋 − 𝑎| ≥ 𝜆) ≤ 𝑓(𝜆) 

Chebysheff’s inequality is of this form and thus its universality lends to the search for tighter 

bounds.  

 

4a Peek’s First Inequality   

An inequality given by Peek (1933) states for any random variable 𝑋 with finite mean 𝜇, finite 

variance 𝜎2, finite 𝛿 =
𝐸|𝑋−𝜇|

𝜎
 , then for any positive real 𝜆: 

Pr(|𝑋 − 𝜇| ≥ 𝜆𝜎) ≤
1 − 𝛿2

𝜆2 − 2𝜆𝛿 + 1
 

The bound produced is an inverse of a second-degree 

polynomial of 𝜆. It converges to zero but consider the 

graphs (appendix 10.1) of the bounds produced by 

Chebysheff (red) and Peek’s first inequality (blue) as 

functions of 𝜆. For all values of 𝜆, the bound offered by 

Peek is shown to be smaller than Chebysheff’s. For the 

purposes of bounding a tail probability and one has the 

mean, variance and the quantity denoted by 𝛿, Peek’s first 

inequality is an optimal result than that of Chebysheff. 

 

4b Vysochanskij–Petunin Inequality 

This inequality (Vysochanskij & Petunin, 1980) states for a unimodal random 𝑋 with finite mean 𝜇, 

finite variance 𝜎2, then for any positive real 𝜆 > √8/3: 

Pr(|𝑋 − 𝜇| ≥ 𝜆𝜎) ≤
4

9𝜆2
 

A form almost identical to Chebysheff’s result, the Vysochanskij–Petunin inequality produces 

another bound of an inverse square of 𝜆. However, it is shortened by a factor of 4/9. Thus, for every 

value of 𝜆, this bound will be smaller than that of Chebysheff. A simple demonstration of a tighter 

inequality if unimodality can be satisfied.  
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4c Camp-Meidell Inequality  

The Camp-Meidell inequality (Bickel & Krieger, 1992) states for a unimdoal, symmetric, and 

absolutely continuous random variable 𝑋, with finite mean 𝜇, finite variance 𝜎2, then for any 

positive real 𝜆: 

Pr(|𝑋 − 𝜇| ≥ 𝜆𝜎) ≤

{
 
 

 
 1 −

𝜆

√3
𝑖𝑓𝜆 <

2

√3
4

9𝜆2
𝑖𝑓𝜆 ≥

2

√3

 

As compared to the Vysochanskij–Petunin inequality, this has two additional conditions of 

symmetry and absolute continuity. The bound for large 𝜆, however, remains the same. The effect of 

these requirements instead appear to allow for tail probabilites for small 𝜆 - note as this was not 

possible in the previous inequality. 

 

4d Peek’s Second Inequality 

The second inequality given by Peek (1933) states for a unimodal and symmetric random variable 𝑋 

with finite mean 𝜇, finite variance 𝜎2, finite 𝛿 =
𝐸|𝑋−𝜇|

𝜎
, then for any positive real 𝜆: 

Pr(|𝑋 − 𝜇| ≥ 𝜆𝜎) ≤
4

9

1 − 𝛿2

(𝜆 − 𝛿)2
 

The result appears to be the cumulation of most of the 

conditions discussed previously; three quantities about 𝑋 

are necessary - 𝜇, 𝜎2, 𝛿 - as well as unimodality and 

symmetry. Like the first inequality from Peek, the bound 

produced is an inverse of a second-degree polynomial of 

𝜆, which is also shortened by a factor of 4/9. 

Interestingly, this appears to be an effect of unimodality 

as it is shared by the Vysochanskij–Petunin inequality.  

 

The graphs of both of Peek’s bounds as functions of 𝜆 are also presented. What can be seen is 

Peek’s second inequality excels at producing a tighter bound for larger values of 𝜆. Though, for 

smaller values of 𝜆, it to produces unreasonable bounds.  
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4e Comparing the Two-Tailed Inequalities 

There appears to be some compounding improvement to the tightness of the bounds. An example of 

their application is tabulated below for a standard normal; that is for values Pr(|𝑋| ≥ 𝜆).  

𝜆 1 2 3 4 

True Probability 0.3173 0.0455 0.0027 0.0001 

Chebysheff 1 0.25 0.1111 0.0625 

Peek #1 0.8989 0.2009 0.0697 0.0342 

Camp-Meidell 0.4226 0.1111 0.0494 0.0278 

Peek #2 3.9535 0.1118 0.0333 0.0158 

 

Similarly, the bounds are applied to a beta distribution with parameters (2,2); Pr(|𝑋 − 0.5| ≥
𝜆

√20
). 

𝜆 0.5 1 1.5 2 

True Probability 0.6702 0.3739 0.1447 0.0161 

Chebysheff 4 1 0.4444 0.25 

Peek #1 0.7215 0.9193 0.4042 0.1804 

Camp-Meidell 0.7113 0.4226 0.1975 0.1111 

Peek #2 1.1514 5.0604 0.3016 0.0978 

 

As evident for both distributions, Chebysheff, the first Peek result, and Camp-Meidell’s inequality 

follow an increase in the tightness of their bounds produced; that is for each 𝜆 the Camp-Meidell 

bound was smaller than Peek’s which was smaller than Chebysheff’s. Peek’s second inequality 

produces the tightest bounds yet at greater values of 𝜆 – see appendix 10.2. However, for larger tail 

probabilities, the bounds produced are not as useful and often exceed 1.  

 

The compounding tightening of bounds as the number of conditions increase on an inequality is 

clear for the larger values of 𝜆; illustrated in the last column of each table. This appears to be 

because such conditions suggest the random variable is more concentrated about say its mean and 

thus the tail probabilities are likely to be smaller. 
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5 One-Tailed Probabilities 

The following is a short discussion of various concentration inequalities as applied to bounding 

one-tailed probabilities. For any real 𝑎 and 𝜆 > 0, such an inequality can be stated as:  

Pr(𝑋 − 𝑎 ≥ 𝜆) ≤ 𝑓(𝜆) 

Markov’s inequality is of this form. Although it is a fundamental result, the condition of non-

negative random variables does not lend itself to a starting point for comparison. Instead, 

Chebysheff’s is useful once more.  

 

5a Cantelli’s Inequality  

Despite the common name, Cantelli’s inequality (Lugosi, 2009) dates to Chebysheff’s work and 

states for any random variable 𝑋 with finite mean 𝜇, finite variance 𝜎2, then for any positive real 𝜆: 

Pr(𝑋 − 𝜇 ≥ 𝜆) ≤
𝜎2

𝜎2 + 𝜆2
 

As it bears the same conditions as Chebysheff’s inequality for the two-sided probabilities, Cantelli’s 

result is its one-sided equivalent. Again, an inverse of a second-degree polynomial of 𝜆 is produced 

which shares the same convergence rate to zero as before.  

 

5b Chernoff Bounds 

These inequalities put forward by Chernoff (Ross, 2010) state that for any random variable X with 

defined moment generating function 𝑀(𝑡) = 𝐸(𝑒𝑡𝑋), then for any positive real 𝜆: 

Pr(𝑋 ≥ 𝜆) ≤ 𝑒−𝑡𝑎𝑀(𝑡)𝑓𝑜𝑟𝑎𝑙𝑙𝑡 > 0 

Pr(𝑋 ≤ 𝜆) ≤ 𝑒−𝑡𝑎𝑀(𝑡)𝑓𝑜𝑟𝑎𝑙𝑙𝑡 < 0 

The sole condition is a defined moment generating function of X. A steep requirement, however, in 

return are exponentially decreasing bounds. Consequentially, they converge to zero at a greater rate 

than any bound explored thus far as all previous results have concerned bounds of algebraic form. 

The reader should also note, for the most optimal result offered here, the bound must be evaluated 

for the minimising value of 𝑡. 
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5c Comparing the One-Tailed Inequalities 

Markov and Cantelli’s inequalities are the most fundamental for the one-tailed results, though the 

latter benefits from a square power increase of 𝜆, as well as the absence of the non-negative 

condition. The use of Chernoff’s bounds, however, becomes evident in the following examples. The 

first are the bounds produced for a chi-square distribution of 2 degrees of freedom; that is for the 

values of Pr(𝑋 ≥ 𝜆). 

𝜆 1 2 3 12 13 14 

True Probability 0.2231 0.1353 0.0821 0.0009 0.0006 0.0003 

Markov 0.6667 0.5 0.4 0.1429 0.1333 0.125 

Cantelli 0.3077 0.2 0.1379 0.02 0.0175 0.0154 

Chernoff 0.9098 0.7358 0.5578 0.0174 0.0113 0.0073 

 

Below are the bounds produced for a standard normal distribution. Note that Markov’s inequality 

cannot be applied as the normal distribution is not non-negative.  

𝜆 0.5 1 1.5 2 2.5 3 

True Probability 0.3085 0.1587 0.0668 0.0228 0.0062 0.0013 

Cantelli 0.8 0.5 0.3077 0.2 0.1379 0.1 

Chernoff 0.882 0.607 0.325 0.135 0.044 0.011 

 

The same effect from the two-tailed inequalities is evident. Cantelli, as observed by its inequality, 

produces the tighter bound in comparison to Markov’s for both the chi-square and the normal 

distribution. Chernoff’s bound produces the tightest bound for larger values of 𝜆, though for smaller 

values, is out performed by both Markov and Cantelli’s inequalities. As was the case with Peek’s 

second inequality in the two-tailed probabilities, Chernoff’s bound has the greatest convergence to 

zero and thus excels only for the smaller tail probabilities being bounded.   

 

It should be noted that Cantelli’s inequality is the optimal choice in comparison to Markov’s 

inequality, stated due to the greater convergence to zero. Though they share the same number of 

conditions, this would appear to be due to the use of variance by the former, that would specify 

some information about the concentration of the random variable.   
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6 Two-Tailed Probabilities for Sums 

Thus far, the inequalities explored have concerned only one random variable. A logical extension to 

this is finding the tail probabilities of multiple random variables; namely their sum. Consider now a 

sequence of random variables 𝑋1, 𝑋2, … , 𝑋𝑛 with sum 𝑋  respective finite means 𝜇1, 𝜇2, … , 𝜇𝑛 with 

sum 𝜇. Furthermore, say the covariances between each pair of random variables are known and 

finite, including variances of each random variable; the covariance for 𝑋𝑖 and 𝑋𝑗 is 𝜎𝑖𝑗. 

Chebysheff’s inequality thus states for any positive real 𝜆: 

Pr(|𝑋 − 𝜇| ≥ 𝜆) ≤∑ ∑
𝜎𝑖𝑗
𝜆2

𝑛

𝑗=1

𝑛

𝑖=1
 

The form of the inequality is near identical to the single variable case. However, concerning sums, 

new conditions may be possible. The following is a short discussion of such results. 

 

6a Independence  

Following from above, further suppose that each random variable is independent from one another. 

As a result, the covariances between each pair of differing random variables will be zero; 𝜎𝑖𝑗 =

0, 𝑖 ≠ 𝑗. The value for the double summation will be less than in the case where there were non-

zero covariances. This simplification can be seen below. 

Pr(|𝑋 − 𝜇| ≥ 𝜆) ≤∑
𝜎𝑖
2

𝜆2

𝑛

𝑖=1
 

Therefore, for every value of 𝜆 chosen, the bound under independence will be less than or equal to 

than otherwise. This appears to be due to the algebraic independence has on reducing the variance 

of a sum of random variables, which in turn produces a tighter bound.  

 

6b Bernstein’s First Inequality   

Consider a mutually independent sequence 𝑋1, 𝑋2, … , 𝑋𝑛 with respective finite means 𝜇1, 𝜇2, … , 𝜇𝑛 

and variances 𝜎21, 𝜎
2
2, … , 𝜎

2
𝑛, and further Pr(|𝑋𝑖 − 𝜇𝑖| > 𝑚) = 0 for all 𝑖. Bernstein states 

(Savage, 1961) for the sum of the sequence denoted 𝑋 with mean 𝜇 and variance 𝜎2, and any 

positive real 𝜆: 

Pr(|𝑋 − 𝜇| ≥ 𝜆) ≤ 2𝑒−𝜆
2/(2𝜎2+

2

3
𝑚𝜆)

 

As with the inequalities from Chernoff explored previously, the bound in Bernstein’s first 

inequality is of exponential form. It thus has an advantage of a greater convergence to zero in 
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comparison to the algebraic form as in Chebysheff’s inequality. What further differentiates this 

result is the probability requirement involving 𝑚, which translates that each random variable has a 

maximum deviation of 𝑚 from its respective mean. As a smaller value for 𝑚 is considered, the 

bound too becomes smaller as per the positioning of 𝑚. The same can also be said for the variance, 

should a smaller 𝜎2 be considered. Thus, this inequality from Bernstein becomes a useful tool when 

faced with a sequence of random variables that are each tightly contained about their means.  

 

6b Bernstein’s Second Inequality   

Consider a mutually independent sequence 𝑋1, 𝑋2, … , 𝑋𝑛 with respective finite means 𝜇1, 𝜇2, … , 𝜇𝑛 

and variances 𝜎21, 𝜎
2
2, … , 𝜎

2
𝑛, and further each random variable is symmetric about its mean. 

Bernstein states (Savage, 1961) for the sum of the sequence denoted 𝑋 with mean 𝜇 and variance 

𝜎2, and any positive real 𝜆: 

Pr(|𝑋 − 𝜇| ≥ 𝜆𝜎) ≤ 𝑒−𝜆
2/2 

Bearing some resemblance to its sister inequality, this result from Bernstein also produces an 

exponential bound though with the condition of symmetry. In comparison to before, the bound does 

without the coefficient of 2 and the exponent does not vary with any consideration how contained 

the random variables are. 

 

6c Hoeffding’s Inequality   

Consider a mutually independent sequence 𝑋1, 𝑋2, … , 𝑋𝑛 with respective finite means 𝜇1, 𝜇2, … , 𝜇𝑛 

and further each random variable 𝑋𝑖 is bounded above and below by [𝑎𝑖, 𝑏𝑖] respectively. Hoeffding 

(1962) states for the sum of the sequence denoted 𝑋 with mean 𝜇 and any chosen positive real 𝜆: 

Pr(|𝑋 − 𝜇| ≥ 𝜆) ≤ 2exp(−
2𝜆2

∑ (𝑏𝑖 − 𝑎𝑖)
2𝑛

𝑖=1

) 

Recall that Bernstein’s first inequality produces an exponential bound at the condition that each 

random variable is bounded by 𝑚 about its respective mean. Hoeffding instead relies on a 

generalisation of this requirement with generic bounds [𝑎𝑖, 𝑏𝑖], but also producing exponential 

bounds. Thus, this result again becomes notable in a scenario of tightly contained random variables. 

The reader may also note that Hoeffding’s inequality does not account for variance.  
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6d Comparing the Sum Inequalities 

The results discussed do not lend to being compared easily to the true probability. However, an 

example is included for the sum of 10 random variables of a beta distribution with parameters (2,2); 

that is for the value Pr(|𝑋 − 5| ≥ 𝜆). 

𝜆 1 2 3 4 

Chebysheff 0.5 0.125 0.0556 0.0313 

Bernstein #1 0.9447 0.1814 0.0222 0.0021 

Bernstein #2 0.3679 0.0183 0.0001 0.0000 

Hoeffding 1.6375 0.8987 0.3304 0.0815 

 

Similarly, below are the bounds tabulated for the sum of 10 uniform random variables on support 

(0,1); the bounds are for the probability Pr(|𝑋 − 5| ≥ 𝜆). 

𝜆 1 2 3 4 

Chebysheff 0.8333 0.2083 0.0926 0.0521 

Bernstein #1 1.2131 0.3602 0.0684 0.0097 

Bernstein #2 0.5488 0.0907 0.0045 0.0001 

Hoeffding 1.6375 0.8987 0.3304 0.0815 

 

A similar pattern is evident between both distributions. Initially, Bernstein’s first inequality suitable 

upper bounds for larger values of 𝜆 (a reoccurring pattern from previous examples). This is also 

shared by Hoeffding’s inequality, though for larger bounds for each 𝜆 in comparison. However, the 

key result from these examples is Bernstein’s second inequality. Unlike the examples explored 

previously with single random variables, this result produces the tightest bounds seemingly for all 

values of 𝜆. Thus, Bernstein’s second inequality under the condition of symmetry is the most 

optimal choice of concentration inequality. 

 

It should also be noted that the inequalities explored in this section can also be applied to a single 

random variable, though the discussions were kept independent for the sake of purely identifying 

results that can be applied to a sum of random variables. However, with an exponentially decreasing 

bound, symmetry appears to be a strong condition for bounding tail probabilities.   



 

12 

 

7 Maximal Inequalities 

The final type of results discussed are called maximal inequalities and are an extension to the two-

tailed probabilities for sums. Consider instead the k-th partial sum of the sequence of random 

variables 𝑋1, 𝑋2, … , 𝑋𝑛 denoted by 𝑆𝑘. Maximal inequalities are of the form: 

Pr( max
1≤𝑘≤𝑛

|𝑆𝑘| ≥ 𝜆) ≤ 𝑓(𝜆) 

Maximal inequalities are commonly used to measure the probability of extreme values amongst an 

undetermined number of trials such as in cumulative error. The following is a minor comparison of 

two notable inequalities. 

 

7a Etemadi’s Inequality 

For a mutually independent sequence 𝑋1, 𝑋2, … , 𝑋𝑛 with k-th partial sum 𝑆𝑘, Etemadi’s inequality 

(Billingsley, 1995) states for any positive real 𝜆:  

Pr(max
1≤k≤n

|Sk| ≥ 3λ) ≤ 3max
1≤k≤n

Pr(|𝑆𝑘| ≥ 𝜆)  

Differing from the form of previous results, he bound produced here is itself a probability. As a 

result, it can be as small a zero. While this may sound opportune for finding an upper bound, the 

value following the 3 in the bound is necessary to use this result. Thus, in practice Etemadi’s 

inequality is quite circumstantial and overall not very helpful. 

 

7a Kolmogorov’s Inequality 

Consider a mutually independent sequence 𝑋1, 𝑋2, … , 𝑋𝑛 each with mean zero and finite variances 

𝜎21, 𝜎
2
2, … , 𝜎

2
𝑛 respectively. Let the variance of the sum of the sequence be denoted 𝜎2. 

Kolmogorov’s inequality (Lin & Bai, 2010) states for partial sum 𝑆𝑘, and any positive real 𝜆: 

Pr(max
1≤k≤n

|Sk| ≥ λ𝜎) ≤
1

𝜆2
 

The bound produced is thus an inverse square of 𝜆, which the reader should note is the same as 

produced by Chebysheff’s inequality. In comparison to Etemadi, this inequality is more readily 

usable despite the condition of zero mean (as the random variables can be centred algebraically). In 

the practical setting, this is likely to be the useful result. Furthermore, just as Chebysheff produces 

the fundamental result in most previous cases, the identical bound would suggest that 

Kolmogorov’s is itself the fundamental result for maximal inequalities.  
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8 The Law of Large Numbers 

The previous sections have concerned the ability concentration inequalities have to find an upper 

bound for tail probabilities - approached from a practical sense. This was explored when 

considering a single random variable as well as in the sum of random variables including the 

maximal inequalities. The reader will find a valuable theoretical implication of concentration 

inequalities when a sample mean is used instead of a sum.  

 

Consider an independent and identically distributed (i.i.d.) sequence 𝑋1, 𝑋2, … , 𝑋𝑛 with finite mean 

and variance 𝜇 and 𝜎2 respectively. Apply then Chebysheff’s inequality to the sample mean of the 

sequence with mean𝜇 and variance 
𝜎2

𝑛
. 

Pr(|�̅�n − μ| ≥
𝜆𝜎

√𝑛
) ≤

1

𝜆2
 

Choose 𝜆 =
√𝑛
𝜎
휀 for any positive 휀. 

Pr(|�̅�n − μ| ≥ ε) ≤
𝜎2

𝑛ε2
 

Finally, take the limit as 𝑛 grows larger.  

lim
n→∞

Pr(|�̅�n − μ| ≥ ε) = 0 

 

The produced result is known as the weak law of large numbers (Uspensky, 1937), which is itself 

an incredibly fundamental theorem in statistics. It states that as the size of the sequence above 

grows large without bound, the probability that the sample mean will deviate from the true mean by 

any amount will tend to zero. Informally, the sample mean converges to the population mean. 

 

The value of the law of large numbers can be illustrated to the unfamiliar reader intuitively. Imagine 

if one were to test to what degree a given coin would favour landing on a head. Of course, what 

follows is that the coin is flipped as many times as possible and the proportion of heads is recorded. 

As the number of flips increases, a representative sequence of i.i.d. random variables increase in 

size. The theorem thus states that the observed proportion of heads must tend to true probability of a 

head. The appendix 10.3 illustrates this scenario in multiple line graphs which traces the proportion 

after up to a thousand flips, where a biased coin is used.  
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9 Conclusion 

Concentration inequalities are tools to produce an upper bound for tail probabilities of a given 

random variable. Markov and Chebysheff’s inequalities are universal results, though their ability to 

do this is impractical. The strategy then is to apply another inequality with steeper conditions that 

produce tighter bounds on the probability. 

 

A number of key details about a random variable have demonstrated this effect, including 

unimodality and symmetry as well as possessing numerical information such as the mean absolute 

deviation or the moment generating function. This was further explored with the sum of a sequence 

of random variables with conditions such as independence, and random variables that were 

bounded. Maximal inequalities were concisely discussed. While there is use in expanding the types 

of tail probabilities that can be bounded, there appears to be little research in optimising maximal 

inequalities.  

 

What can be said about many of these conditions that produce tighter bounds is their inherent link 

to variance. An unspecified random variable that is unimodal is expected to have a smaller variance 

than otherwise – similar with symmetry. The underlying effect appears to be in specifying a random 

variable to be further concentrated about its mean, then it follows the tail probabilities must be 

smaller with a greater degree of confidence.  

 

Following the bulk of the research about optimising the choice of concentration inequalities, is their 

theoretical contribution. The weak law of large numbers is a clear consequence of Chebysheff’s 

inequality. Its incredible value in statistics was discussed as the theorem which explains the 

necessity of repeated trials.   
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10 Appendix 

10.1 

The graphs of the bounds provided by Peek are illustrated with 𝛿 = 0.5 as a reasonable value, 

though any 0 < 𝛿 < 1 produces the same effect. 

 

10.2 

The mean absolute deviation for a standard normal is given by √2/𝜋 whereas for a beta (2,2) 

distribution, it is 11/16. 

 

10.3 
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