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Abstract

Skew morphisms are a way of generalising group automorphisms. Many groups have had all of

their skew morphisms classified. The group generated by all of the skew morphisms of a group is

called the skew group and is denoted SkewGp(G). This paper seeks to investigate the skew mor-

phisms of the cyclic groups of order pq where p and q are distinct primes, starting by investigating

the cyclic groups of order 2p before moving onto the general case.

1 Introduction

Skew morphisms were first introduced by Jajcay and Širáň in 2002 to study Cayley Maps [5]. These

are 2-cell Cayley Graphs embedded on an orientable surface with the same orientation at each vertex.

Skew morphisms are a way of generalising automorphisms which allowed Jajcay and Širáň to create a

unified theory of Cayley maps. In this first paper they proved some elementary theorems about skew

morphisms. Kovács and Nedela [8] later found that if G is a group with factorisation G = AB where

B is cyclic and A ∩B = 1 then every generator b of B gives rise to a skew morphism by the bijection

f : A→ A where baB = f(a)B holds. This followed on from previous work by Conder et al [2].

Certain groups have had all skew morphisms of that group classified. This includes the Dihedral

groups [9], cyclic p-groups (where p is an odd [8] or even prime [3]), and all cyclic groups of order up

to 60 [2]. This paper will further investigate the cyclic groups and will find skew group of C2p where

p is an odd prime, and further investigate the skew group of Cpq where p and q are distinct primes.

1.1 Statement of Authorship

This paper was written by Aaron Jenkins. All proofs provided were completed myself with assistance

from Professor Michael Giudici. The classification of skew morphisms of the cyclic group Cpq had

effectively been done previously by Conder et al [2]. The proof provided for C2p does not rely on this

classification, but the proof for Cpq does. The computational results were computed in the MAGMA

algebra system [1] and relied on the existing data provided by Conder et al [2].

2 Preliminaries

A skew morphism ϕ is a bijection ϕ : G→ G from a group G to itself where the identity is fixed, that

is ϕ(1G) = 1G, and for all g, h ∈ G ϕ(ab) = ϕ(a)ϕi(b) for some positive integer i [5]. The value of i

depends entirely on the choice of a, that is, there exists a power function π : G → {1, 2, . . . , n − 1}
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where n = |ϕ|. The equation now becomes ϕ(ab) = ϕ(a)ϕπ(a)(b). If we take π(g) = 1 for all g, then

this is an automorphism, so all automorphisms are skew morphisms.

Jajcay and Širáň [5] prove a number of useful elementary properties of skew morphisms. If ϕ is a

skew morphism of G with power function π then the following properties hold:

1. The set K = kerϕ = {g ∈ G : π(g) = 1} is a subgroup of G;

2. π(g) = π(h) if and only if Kg = Kh;

3. The set F = Fix(ϕ) = {g ∈ G : ϕ(g) = g} is a subgroup of G;

4. K ∩ F is a normal subgroup of F .

Conder et al [2] also provide a number of useful properties for skew morphisms of finite groups.

The following properties hold when ϕ is a skew morphism of a finite group.

1. If ϕ is a skew morphism, then ϕi is also a skew morphism whenever i is coprime to |ϕ|.

2. If ϕ is a skew morphism, then |ϕ| < |G|.

3. Every skew morphism of a cyclic group of prime order is an automorphism.

For abelian groups:

1. ϕ preserves the kernel K setwise. That is, if a ∈ K then ϕ(a) ∈ K.

2. ϕ restricted to K is a group automorphism of K.

3. If |G| is greater than 2, then the kernel of every skew morphism has order greater than 2.

4. If K is the kernel of ϕ, then every prime divisor of |K| is larger than every prime that divides

|G| but not |K|.

5. If ϕ has an orbit O on G which is larger than |G| − q where q is the largest prime divisor of |G|

then ϕ is an automorphism.

For finite cyclic groups:

1. If ϕ is a skew morphism of Cn then |ϕ| divides nφ(n) where φ is Euler’s totient function.
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2. Let p, q be primes with p < q, let G = Cpq and let G = 〈g〉. If gcd(p, q − 1) = 1 then all skew

morphisms are automorphisms. Otherwise, K = kerϕ ∼= Cq and ϕ acts trivially on K, that is,

it fixes all elements. Additionally there exists a unit s ∈ Z∗
q and some a ∈ K\{1} such that

ϕ(x) = ax and π(x) = s when x is the generator such that G = 〈x〉.

The set of all automorphisms of a group G is denoted by Aut(G) and forms a group under function

composition. Since all automorphisms are skew morphisms, Skew(G), the set of all skew morphisms,

must have order greater than or equal to Aut(G). A pure or proper skew morphism is defined as a

skew morphism that is not an automorphism. This is equivalent to saying that its power function

π is nontrivial. Some groups (such as the cyclic groups of prime order [2]) do not have any skew

morphisms and so Aut(G) = Skew(G). The smallest cyclic group that has pure skew morphisms is

C6. In general, the set of all skew morphisms of a group does not form a group. It is conjectured

by Conder et al [2] that if Skew(G) 6= Aut(G) then Skew(G) is never a group. We introduce the

notation SkewGp(G) = 〈Skew(G)〉 to denote the group generated by all of the skew morphisms and

PureSk(G) = {ϕ ∈ Skew(G) : ϕ /∈ Aut(G)} to denote the set of all pure skew morphisms.

Jajcay and Širáň [5] claim that all anti-automorphisms are skew morphisms with π(g) ∈ {1, n−1}.

The standard definition of an anti-automorphism is that it is a bijection where ϕ(ab) = ϕ(b)ϕ(a) for

all a, b ∈ G [6]. It is likely that Jajcay and Širáň were defining an anti-automorphism to be a bijection

where ϕ(ab) = ϕ(a)ϕ−1(b) holds for all a, b ∈ G. This is because anti-automorphisms according to the

standard definition are not skew morphisms with π(g) ∈ {1, n− 1}. Take, for example, H = Q8. Take

the permutation ϕ = (i,−k,−j,−i, k, j) (written in disjoint cycle notation). We can easily check that

this is an antiautomorphism.

Assuming this is a skew morphism, we can find its power function for elements in Q8. We have

ϕ(ij) = ϕ(j)ϕ(i) = i(−k) = j and ϕ(i)ϕπ(i)(j) = (−k)ϕπ(i)(j)

Equating these expressions gives ϕπ(i)(j) = −i, so π(i) = 4. But since |ϕ| = 6, Jajcay and Širáň’s

claim is not true in general. In fact, we can check that ϕ is a skew morphism with π(g) = 4 for all

g ∈ {±i,±j,±k}.

3 Investigating Cyclic Groups

Using data generated by Conder et al [2] in classifying all of the skew morphisms of cyclic groups up

to order 60, I wrote a data scraper to extract data from the text document. I collected all of the skew

morphisms in disjoint cycle notation and used the MAGMA algebra system to create the skew group
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of each cyclic group to look for patterns. The following tables show the order of SkewGp(Cpq) for

q = 2, 3, 5. Together with Professor Giudici, we conjectured that |SkewGp(C2p)| = p(p−1) where p is

an odd prime. See the table below for the data with the pattern, and the proof of this pattern follows

below.

2p |SkewGp(C2p)|

6 6=3*2

10 20=5*4

14 42=7*6

22 110=11*10

26 156=13*12

34 272=17*16

38 342=19*18

46 506=23*22

58 812=29*28

3p |SkewGp(C3p)|

21 588=7*7*6*2

39 4056=13*13*12*2

57 12996=19*19*18*2

5p |SkewGp(C5p)|

55 585640=11*11*11*11*10*4
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4 Skew Group of C2p

4.1 Introduction

We define Cn = {0, 1, 2, . . . , n − 1} with addition modulo n. We know from property 2 of skew

morphisms of finite cyclic groups listed above that if gcd(p, q−1) 6= 1 then |Skew(Cpq)| = 2(p−1)(q−1).

So, |Skew(C2p)| = 2(p − 1) = (p − 1) + p − 1. We also know that |Aut(C2p)| = p − 1 [4]. We claim

that ϕ = (1, 3, 5, ..., 2p − 1) is a skew morphism on C2p with power function π(2n − 1) = p − 1 and

π(2n) = 1. Note that ϕ fixes all even numbers. All powers ϕi of a skew morphism ϕ are also skew

morphisms when gcd(i, |ϕ|) = 1, from property 1 of finite skew morphisms listed above. We claim

that for all i, ϕi is a a proper skew morphism with the same power function for all i ∈ {1, 2, ..., p− 1}.

Note that ϕp is the identity.

4.2 Claim

We will show that φ = ϕi is always a skew morphism with power function π for all i by checking all

combinations of odd and even operations. Let a, b ∈ C2p and i ∈ {1, 2, ..., p − 1}. Note gcd(i, p) = 1

for all i. All calculations will be taken modulo 2p.

φ(2a) + φ(2b) = ϕi(2a) + ϕi(2b)

= 2a+ 2b

= 2(a+ b)

= ϕ(2(a+ b))

= ϕ(2a+ 2b)

= φ(2a+ 2b)

φ(2a) + φ(2b− 1) = ϕi(2a) + ϕi(2b− 1)

= 2a+ 2(b+ i)− 1

= 2(a+ b+ i)− 1

= ϕ(2(a+ b+ 1− i)− 1)

= ϕ(2a+ 2b− 1)

= φ(2a+ 2b− 1)
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φ(2a− 1) + φp−1(2b) = ϕi(2a− 1) + ϕi(p−1)(2b)

= 2(a+ i)− 1 + 2b

= 2(a+ b+ i)− 1

= φ(2a− 1 + 2b)

φ(2a− 1) + φp−1(2b− 1) = ϕi(2a) + ϕi(p−1)(2b)

= 2(a+ i)− 1 + 2(b+ i(p− 1))− 1

= 2(a+ b+ i− i)− 2 + 2p

= 2(a+ b− 1) mod 2p

= ϕ(2(a+ b− 1))

= ϕ(2a− 1 + 2b− 1))

= φ(2a− 1 + 2b− 1)

4.3 Group Generated by ϕ

Every ϕi is a skew morphism with a nontrivial power function so is a proper skew morphism. If we

take the generated group 〈ϕ〉, this is a group of order p containing p− 1 proper skew morphisms (The

identity permutation is not a proper skew morphism). We know |Skew(C2p)| = (p − 1) + p − 1 =

|Aut(C2p)|+ |〈ϕ〉|−1. Thus every skew morphism is either an automorphism or in the group generated

by ϕ. Note that Aut(C2p) ∩ 〈ϕ〉 = id, and 〈ϕ〉 contains only proper skew morphisms and the identity

permutation. So PureSk(C2p) = 〈ϕ〉\{id}.

4.4 Showing that the proper skew group is normal

To show that 〈ϕ〉 is normal in SkewGp(C2p), it suffices to show that ψφψ−1 ∈ 〈ϕ〉 for any ψ in

SkewGp(C2p) and φ = ϕi. If ψ ∈ 〈ϕ〉 then ψϕψ−1 ∈ 〈ϕ〉 since groups are closed.

Next suppose that ψ ∈ Aut(C2p). For every pure skew morphism, the following hold, φ(2a) = 2a,

and φ(2a+ 1) = 2a+ 1 + 2i for some integer i where φ = ϕi.

Every automorphism ψ of a cyclic group C2p is of the form ψ(a) = ka for some unique k with

gcd(k, 2p) = 1. We divide this into two cases, even and odd. In the even case we have ψ(φ(ψ−1(2a))) =

ψ(φ(2ak−1)) = ψ(2ak−1) = 2a = φk(a).

In the odd case we have ψ(φ(ψ−1(2a + 1))) = ψ(ϕi(2ak−1 + k−1)) = ψ(2ak−1 + k−1) + 2i) =

2a+ 1 + 2ik = ϕki(2a+ 1) = φk(2a+ 1) . Thus for every x ∈ C2p we have ψφψ−1(x) = φk(x) and so
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ψφψ−1 ∈ 〈ϕ〉. Since SkewGp(C2p) is generated by Aut(C2p) and 〈ϕ〉 it follows that 〈ϕ〉/SkewGp(C2p)

4.5 Groups Isomorphic to Skew Group

Since 〈ϕ〉 is cyclic and of order p, it must be isomorphic to Cp. We know that Aut(Cp) ∼= Cp−1 and

so Aut(C2p) ∼= Aut(Cp) ∼= Cp−1. Thus SkewGp(C2p) ∼= Cp o Cp−1.

The affine general linear group AGL(1, p) = {x 7→ ax + b : a ∈ GF (p)\{0}, b ∈ GF (p)} can also

be shown to be isomorphic to SkewGp(C2p). Let X = {tb : x 7→ x + b} ∼= Cp, Y = {sa : x 7→ ax} ∼=

Cp−1. Let f : SkewGp(C2p) → AGL(1, p) where ϕiψj 7→ tiskj where ψ generates Aut(C2p). Then

f is a bijection. We take f(ϕ) = t1 and f(ψ) = sk where ψ(x) = kx in the standard way for an

automorphism.

We have |ϕ| = p = |t1| and |ψ| = p− 1 = |sk|, and ψϕψ−1 = ϕk, skt1s
−1
k = tk. This verifies that f

is an isomorphism.

5 Skew Group of Cpq

Let gcd(p − 1, q) 6= 1 and q < p, otherwise no pure skew morphisms exist. There are 2(p − 1)(q − 1)

skew morphisms of Cpq and thus (p− 1)(q − 1) of these are pure skew morphisms.

Let ϕ ∈ PureSk(Cpq) and let K = kerϕ. By property 2 of finite cyclic groups, |ϕ| = p and

ϕ(x) = a + x for some a ∈ K\{0}. Since |ϕ| = p, ϕi is a skew morphism for all i = 1, 2, ..., p − 1.

Clearly, all of these are pure skew morphisms. Thus each pure skew morphism ϕ generates p− 1 pure

skew morphisms. Since there are (p− 1)(q − 1) pure skew morphisms, there must be q − 1 families of

skew morphisms. That is, there exists skew morphisms ϕ1, ϕ2, . . . , ϕq−1 such that for any pure skew

morphism φ, we have φ = ϕij for some j = 1, 2, ..., q − 1 and i = 1, 2, ..., p− 1.

By property 2 of finite cyclic groups, the kernel of any pure skew morphism is isomorphic to Cp.

Note that we are taking q < p whereas the theorem takes p < q. Since Cpq has a unique subgroup of

order p, all pure skew morphisms must have the same kernel K.

It follows that 〈ϕj〉 ∼= Cp, since each pure skew morphism has order p. Each of these groups

generated by the pure skew morphisms must have trivial intersection with each other. We must show

that ϕi and ϕj commute. By property 2 of finite cyclic groups, we can find a, b ∈ K\{0} such that

ϕi(x) = a+ x and ϕj(x) = b+ x where Cpq = 〈x〉.

Let F = Fix(ϕ) = {g ∈ Cpq : ϕ(g) = g}. By property 2 of skew morphisms it is a subgroup

of Cpq, so |F | divides pq. Additionally, by property 2 of skew morphisms of cyclic groups, ϕ acts

trivially on K. So K ⊆ F . Since |K| = p and K ∩ F / F , and by property 4 of skew morphisms,
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it must follow that |F | = p and so K = F ∼= Cp. Since the only subgroup of Cpq with order p is

Q = {qk : k ∈ {0, 1, 2, . . . , p − 1}}, it follows that ϕ fixes all of these elements, none of which are

generators. Then ϕ(g) = g if g ∈ Q. Next suppose g ∈ P = {pk : k ∈ {0, 1, 2, . . . , q − 1}}. It

follows that ϕ acts on g in the same way as it would if g were a generator of Cpq because g /∈ Fix(ϕ)

together with property 2. So for any g ∈ Cpq, ϕ(g) = g if g ∈ Q and ϕ(g) = a+ g otherwise, for some

a ∈ K\{0}. Clearly for all g ∈ Cpq ϕiϕj = ϕjϕi, so arbitrary pure skew morphisms commute.

Next, we also need to show that, ϕk is not generated by some composition of other skew morphisms

outside its family. By property 2 of cyclic groups, every unit s in Z∗
p gives rise to a family of skew

morphisms with the same power function. Suppose there is some ϕk such that ϕk ∈ 〈ϕi | i 6= k〉 but

ϕk /∈ 〈ϕi〉 for all i. Then there is some composition such that φ1φ2 . . . φn = ϕk, where φi = ϕini for

some in with φi ∈ 〈ϕi | i 6= k〉, and where πi is the power function of φi and ϕi. Let x, y be generators

of Cpq.

φ1φ2 . . . φn(xy) = φ1φ2 . . . φn−1(φn(x)φπn(x)n (y))

= φ1φ2 . . . φn−2(φn−1(φn(x))φ
πn−1(φn(x))
n−1 φπnn (y))

= φ1φ2 . . . φn−3(φn−2(φn−1(φn(x)))φ
πn−2(φn−1(φn(x)))
n−2 (φ

πn−1(φn(x))
n−1 φπnn (y)))

= . . .

= φ1(φ2 . . . φn(x))φ
π1(φ2...φn(x))
1 (φ2 . . . φn(y))

Thus, this composition gives rise to the power function π1(φ2 . . . φn). This only gives values in π1,

so no composition of pure skew morphisms can give rise to a skew morphism with power function πk

if ϕk is not in the composition. Thus ϕk /∈ 〈ϕi | i 6= k〉 and so no skew morphism can be generated by

skew morphisms that lie outside of its family.

So we find that PureSk(Cpq) ∪ {id} is a group, and PureSk(Cpq) ∪ {id} ∼= 〈ϕ1, . . . , ϕq−1〉 ∼=

〈ϕ1〉 × · · · × 〈ϕq−1〉 ∼= (Cp)
q−1.

Let ϕ be an arbitrary pure skew morphism of Cpq and let ψ be an arbitrary skew morphism of

Cpq. If ψ is a pure skew morphism, then ψϕψ−1 ∈ PureSk(Cpq). If ψ is an automorphism, then

we can represent it by ψ(x) = kx for some unique k with gcd(k, pq) = 1. From what we’ve shown

above, we can represent any pure skew morphism in Cpq as ϕ(g) = a + g for some a ∈ K\{0} for all

g ∈ Cpq\Fix(ϕ). Then ψ(ϕ(ψ−1(g))) = ψ(ϕ(k−1g)) = ψ(k−1g + a) = g + ak = ϕk(g).

Otherwise if g ∈ Fix(ϕ) then g ∈ Fix(ϕ) so ϕ(g) = g and we immediately find that ψ(ϕ(ψ−1(g))) =

ϕk(g). So for all g ∈ Cpq we have ψ(ϕ(ψ−1(g))) = ϕk(g) ∈ PureSk(Cpq) ∪ {id}. Thus the set of
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pure skew morphisms in Cpq forms a normal subgroup of the skew group, that is, PureSk(Cpq) /

SkewGp(Cpq).

Recall that Aut(Cpq) ∼= C(p−1)(q−1). Since PureSk(Cpq) ∼= (Cp)
q−1, it follows that the skew group

SkewGp(Cpq) is isomorphic to (Cp)
p−1 o C(p−1)(q−1). This is a group with order pq−1(p− 1)(q − 1).

6 Discussion and Conclusion

6.1 Summary

Skew morphisms are a way of generalising group automorphisms. A group automorphism is a bijection

from a group to itself where for all a, b ∈ G the property ϕ(ab) = ϕ(a)ϕ(b) holds. A function ϕ is a

skew morphism if it is a bijection on a group G that fixes the identity and for every a, b ∈ G we have

ϕ(ab) = ϕ(a)ϕi(b) for some positive integer i. This i depends entirely on the choice of a, that is, there

is a power function π : G → {1, 2, . . . , |ϕ| − 1}. The formula becomes ϕ(ab) = ϕ(a)ϕπ(a)(b). I have

recapped important properties relating to skew morphisms in general, and skew morphisms of finite,

abelian, and cyclic groups.

My research focused on understanding skew morphisms and skew groups, in particular with respect

to the cyclic groups of order pq where p and q are distinct prime numbers. For the cyclic group of

order 2p, there are p−1 pure skew morphisms for this group. In addition, these pure skew morphisms

form a cyclic group of order p which is normal in the skew group of C2p and has trivial intersection

with SkewGp(C2p). I found that |SkewGp(C2p)| = p(p − 1) and was able to further show that

SkewGp(C2p) ∼= Cp o Cp−1
∼= AGL(1, p).

I was able to generalise these results to pq when gcd(p, q) 6= 1 with q < p. We have (p− 1)(q − 1)

pure skew morphisms. Each pure skew morphism generates a cyclic group of order p. Taking all

the pure skew morphisms and the identity PureSk(Cpq) ∪ {id} forms a group of order pq−1 that is

isomorphic to (Cp)
q−1. Since Aut(C(p−1)(q−1), this results in the skew group being isomorphic to

PureSk(Cpq) oAut(Cpq) ∼= (Cp)
q−1 o C(p−1)(q−1).

6.2 Future Research

A natural course for future research would be to look into the skew groups of other groups. Kovács

and Nedela [7] have investigated the cyclic groups of order n where n = pk11 p
k2
2 . . . pknn by separating n

into its prime powers. In my research I found that |SkewGp(C45)| = 72 which is uncharacteristically

small compared to other orders of skew groups. It was also the only example in my data where the
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order of the cyclic group did not divide the order of the skew group. Conder’s data shows that it

does have pure skew morphisms, so further research is needed in order to explain why the (seemingly)

unique properties arise. More computation could be done to generate more of the cyclic groups than

were produced by Conder et al, and more patterns could be searched for in this data.

It would also be helpful for further research to look into groups that are not cyclic. The dihedral

groups have had all of their skew morphisms classified, so a natural next step for investigating skew

groups would be to investigate the skew groups of the dihedral groups. Initial research seems to

connect the skew groups of dihedral groups D2n with the symmetric groups Sn. Another possibility

would be to investigate the symmetric groups Sn themselves to see what skew morphisms arise on

these groups and what skew groups are formed. Conder et al [2] have computationally classified some

abelian groups, so this could be another avenue of investigation of skew groups. More work could also

be done in relating factorisation groups to skew groups, working from the existing research that shows

that factorisation groups and skew morphisms are related.
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