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Abstract

The Mean First Passage Time (MFPT) is the average time taken for a random walker or

Brownian particle to arrive at an absorbing boundary. It is a parameter of growing interest in a

number of fields, such as biochemistry, finance and search processes. The confining geometry has

a large influence on the MFPT, however with complex geometries it is difficult to find analytical

solutions. Therefore, this research develops a numerical finite volume code to solve for the MFPT

on arbitrary confining geometries. The report is broken down into two main sections, the first

studies MFPT problems in 1D in order to gain understanding and intuition about the problem.

The second section uses this intuition to develop the numerical methods required to solve MFPT in

2D arbitrary confining geometries. Problems are identified in these methods such as cross-diffusion

and non-conjunctional points, however, solutions are proposed and the steps required to implement

them are outlined.

1 Introduction

Consider a particle set free to move at random1 on a 2D surface. The time taken for this particle to

arrive at a target location is known as the First Passage Time (FPT). If the particle was placed back

in its starting location and released again, the path taken would be different, resulting in a different

First Passage Time. Naturally one could ask, what is the average time it takes for a given particle

to reach the target location? This quantity is commonly referred to as the Mean First Passage Time

(MFPT) and it is a parameter of growing interest in multiple fields of research. Some applications

include, neuron dynamics (Redner, 2001b), diffusion limited reactions (Piazza et al., 2013), financial

markets (Chicheportiche and Bouchaud, 2014) and search processes (Bénichou et al., 2005).

The MFPT (τ) of a particle starting at a point (x0) in a bounded domain (Ωd) to arrive at an

absorbing boundary (∂Ωa), is given by the solution of an inhomogeneous mixed Neumann-Dirichlet

boundary value problem for the Poisson equation (Grebenkov, 2016). Mathematically the problem is

written as (1), where D is the diffusivity of the particle.

∇2τ(x0) +
1

D
= 0 x0 ∈ Ωd (1)

τ(x0) = 0 x0 ∈ ∂Ωa (2)

∂nτ(x0) = 0 x0 ∈ ∂Ωr (3)

1Having an equal probability to move in any given direction. While this is not a fixed definition for MFPT problems,

in this report it will assumed to be so.
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Equations (2) and (3) give the absorbing and reflecting boundary conditions respectively. Equation 1

has already been solved analytically for various simple geometries such as a 1D line and spherically

symmetric problems. Yet, for many applications such as cellular membranes in molecular biology,

models with such simple geometries are not able to provide accurate solutions. As a result, the main

goal of this research report is to outline a Finite-Volume method which would allow for the accurate

solution of the MFPT problem on arbitrary 2D domains.

The report will be split into two main sections, the first section deals with a one-dimensional

scenario which was used as a vehicle to gain understating and insight into MFPT problems. It looks at

various solution approaches including discrete Monte Carlo methods, solving equation 1 and diffusion

equation solutions. The connections between these three methods are also briefly investigated. The

second section addresses the actual research question, solving the 2D MFPT problem on arbitrary

domains. To do this, Laplace grid generation techniques used in computational fluid dynamics are

introduced and the the Finite Volume method is applied to the Poisson equation on the Laplace grid.

Errors associated with the implementation in non-orthogonal grids are discussed, and solutions to

correct for these errors are outlined.

As a final introductory note, the field of first passage time problems is exceptionally broad and

there are numerous different mathematical formulations which are applied in an even larger variety of

situations. Consequently, before proceeding into the body of the report a few technical definitions are

provided to ensure the problem being addressed is well defined and can be related to other literature.

Firstly, the type of MFPT problem being studied is commonly referred to as a narrow escape

problem. According to Schuss (2012) the narrow escape problem involves calculating the mean first

passage time of a Brownian particle to arrive at a small absorbing window on the otherwise reflecting

boundary of a bounded domain. A Brownian particle is one that moves at random in a continuous

fashion known as Brownian motion, it is also sometimes called a diffusing particle. This type of motion

is contrasted with a random walk which is typically a particle moving discretely in space and time.

Although these two processes (random walk and diffusing particle) are very different microscopically,

their long-time properties – including first-passage characteristics – are essentially the same. It can be

shown how diffusion is merely the continuum limit of any sufficiently well-behaved random-walk process

(Redner, 2001a). Lastly, the mean first passage time calculated in this research is unconditional,

meaning that it is the time taken to arrive at any part of the absorbing boundary. This is in contrast

to a conditional MFPT which is the time taken to reach a specified section of the absorbing boundary.
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1.1 Statement of Authorship

The work contained in this report is attributed to the following sources:

• Tony Roberts - For first conceiving of the research question and providing direction throughout.

• The Finite Volume Method in Computational Fluid Dynamics (Moukalled et al., 2016) - Provided

all information on the finite volume method, especially for non-orthogonal grids.

• Rowan Gollan - In class teaching and discussions about elliptic grid generation.

• Nicholas Maurer - Solved all 1D problems here presented, wrote all python code for 2D solvers

and wrote the entirety of this research report.

2 One-Dimensional Problem

2.1 Problem Definition

The 1D problem to be solved is shown in Figure 1. It consists of a trap or Dirichlet boundary condition

on the left, separated from a reflecting or Nuemann boundary by a distance L. The 1D coordinate

system is located at the origin and extends positively to the right. The central question to be answered

is this; what is the MFPT for a particle starting at position x0 ∈ [0, L] to be absorbed at the trap?

Then, how does this vary with starting location and domain length? The first method of approach is

to use Monte Carlo simulations.

Figure 1: Diagram of the 1D problem.

2.2 Monte Carlo Simulations

To construct a Monte Carlo simulation the length L from figure 1 is split up into a discrete line of

points or locations. This is shown in the left of figure 2, where for this example the length is split into
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5 locations. Consider a random walker starting at location 3, from which it has a 50% probability to

move either left or right. In its new position in can move either left or right again and this process

continues until the walker arrives at the trap. At position 5 the walker must move to the left due to

the reflecting boundary on the right. As one would expect, each time this simulation is run a different

FPT will be recorded.

Figure 2: Left: Discrete representation of the 1D problem. Right: Distribution of FPT’s for a random

walker starting at location 3.

The histogram in figure 2 shows the distribution of First Passage Times when the random walker

is released from its starting position 1 million times. From this data set the MFPT can be calculated

intuitively using (4) where Nw represents the number of walkers, ti is the FPT of the ith walker.

τ =
1

Nw

Nw∑
i

ti (4)

Applying this formula to this example, the MFPT for location 3 using 106 trials is 20.99 steps. When

looking at the distribution in the histogram this number makes sense. Using equation 4 is the most

intuitive method to calculate the MFPT for simple situations, however it is by no means the most

efficient. It is clear that in an unbounded example, or even a 2D example, the computation time

required to perform a large number of trials would increase dramatically. Hence using equation 1 to

calculate MFPT’s is much more feasible in complex scenarios and even in these simple 1D cases.
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2.3 Poisson Solution

Before proceeding with the solution, it is important to note that the Poisson equation deals with the

continuous problem of a diffusing particle rather than a discrete random walk. This means that the

length L is now a continuous set of points rather than a discrete set of locations. To solve (1) in 1D it

is simply a matter of specifying the boundary conditions and solving the ODE by integrating twice.

For the current problem the boundary conditions are:

τ(0) = 0

τ ′(L) = 0
(5)

Beginning with equation 1 and by integrating twice with respect to space gives the general result

shown below in (8).

d2τ

dx2
= − 1

D
(6)∫∫

d2τ

dx2
dx =

∫∫
− 1

D
dx (7)

τ(x0) = − x
2

2D
+ C1x+ C2 (8)

Applying the boundary conditions from (5) equation 8 becomes (9).

τ(x0) = − x
2
0

2D
+
Lx0
D

(9)

It is interesting to compare the profile of the MFPT for this Brownian particle with the MFPT values

for a random walker in the discrete Monte Carlo case considered previously. To do this, Monte Carlo

simulations for various different starting locations were run and these simulations were plotted against

the quadratic curve derived in (9) with D = 0.5 and L = 5. The results displayed in figure 3 show

that the 1D MFPT of the Brownian particle is the same as a random walker when starting in the

same location. This interesting result while true in this example, is not necessarily true in higher

dimensions2.

2.4 Diffusion Solution

Another approach to solve the MFPT is to use the 1D diffusion equation as shown in (10).

∂P

∂t
= D

∂2P

∂x2
(10)

2For further information the reader is directed to the following book chapter ”The Random Walk and Diffusion

Theory” in the book ”Basic Concepts in Computational Physics” (Stickler and Schachinger, 2016)
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Figure 3: Comparison of MFPT for a random walk and a diffusing particle calculated using the Monte

Carlo method and the Poisson equation.

Here P represents the probability to find the diffusing particle at point x at a given time t, therefore

P is a function of both space and time. If the particle begins at a location x0, then the probability

distribution at t = 0 is given by the shifted delta function δ(x − x0). The boundary conditions are

given in (11) and although they look identical to (5) their interpretation is slightly different. The

probability to be at the left boundary is zero as once the particle arrives it is absorbed or trapped.

The spatial derivative of the probability at the right boundary is zero as no ’probability flux’ can leave

from the reflective boundary.

P (x = 0, t) = 0

∂P (x = L, t)

∂x
= 0

(11)

Using the method of separation of variables to solve (10) the solution is given using a Fourier series

shown below in (12).

P (x, t) =

∞∑
n=0

2

L
sin

(
(2n+ 1)πx0

2L

)
sin

(
(2n+ 1)πx

2L

)
e
−D

(
(2n+1)π

2L

)2
t

(12)

To find the MFPT from this probability distribution the relation shown in equation 13 is used. It

multiplies the probability flux (given in square brackets) by time and then integrates over all time.

The greater the probability flux the more it contributes to the sum and the more that the time at
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which that flux is occurring influences the MFPT.

τ(x0) =

∫ ∞
0

t

[
D
∂P

∂x

]
dt (13)

Substituting (12) into (13) gives the following expression for τ(x0) which is still expressed as a Fourier

sum.

τ(x0) =
16L2

π3D

∞∑
n=0

1

(2n+ 1)3
sin

(
(2n+ 1)πx0

2L

)
(14)

As further evidence of the validity of (14), if the Fourier series of equation 9 is taken with L = 1

you obtain the exact same expression shown above. Therefore the diffusive approach and the Poisson

approach are just two sides of the same coin3. For the 2D problems considered throughout the

remainder of the report the Poisson equation will be the central focus as it is easier to solve.

3 Two-Dimensional Problems

3.1 Numerical Methods for Partial Differential Equations

The Poisson equation is a partial differential equation because in 2D it depends on both x and y

coordinates. Analytic results for this equation exist for relatively few problems, consequently it must

be solved using numerical methods. There are 3 broad classes of numerical methods currently used to

solve PDE’s, they are (i) - Finite Difference Methods (FDM), (ii) - Finite Element Methods (FEM)

and (iii) - Finite Volume Methods (FVM). The finite difference method is the most well understood

and the simplest to implement, however its power is significantly reduced when working with complex

geometries. It relies on breaking a continuous domain into discrete nodal points with constant x, y

spacing, then approximating derivatives using a Taylor series. When the spacing between nodes is no

longer uniform, the method breaks down and looses accuracy. As a result the FV and FE methods were

developed to deal with non-uniform meshes, even still, complexities arise. The FV method is typically

applied in fluid dynamics problems but it can also successfully be used to solve MFPT problems. This

research implements the FVM to solve MFPT problems because according to Moukalled et al. it offers

the following benefits:

• It can be discretised in the physical space with no need for transformation between physical and

computational coordinates.

• Is suitable for solving flows (and other problems) involving complex geometries.

3As an interesting side result involving the Reimann-Zeta function which arises from comparing the Poisson and

diffusion results see the Appendix.
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• The numerics mirror the physics and the conservation principles it models.

Before applying the finite volume method to (1) the mesh upon which it is applied must be created.

This is carried out using Laplace grid generation techniques.

3.2 Laplace Grid Generation

The Laplace equation in 2D is given by equation 15. This equation is commonly used to model steady

state temperature distributions in a domain as it has an averaging affect on the variable which it

models.
∂2φ

∂x2
+
∂2φ

∂y2
= 0 (15)

This same averaging affect can be applied to grid generation. Instead of solving for temperature

the solution variables become x and y coordinates representing the grid points, hence two Laplace

equations are required. Equations 16 and 17 represent the two Laplace equations for x and y in terms

of two new variables u and v.
∂2x

∂u2
+
∂2x

∂v2
= 0 (16)

∂2y

∂u2
+
∂2y

∂v2
= 0 (17)

The boundary conditions for equations 16 and 17 are defined using functions, for example the domain

in figure 4 was defined using a sine function for the top and bottom boundary. The new variables u

and v are then discretised depending on how many grid points are required and the Laplace equations

are solved using an iterative procedure to give the boundary fitted grid4. From this grid the FV cells

can be generated along with their cell centres as seen in the right of figure 4. The technical term for

this type of grid is a non-orthogonal structured grid.

3.3 Finite Volume Discretisation

As previously seen, the finite volume method uses cells rather than nodes, the discretisation of the

Poisson equation is therefore carried out for an individual cell. In 2D this begins with equation 1

rearranged as follows,

∇ · (∇τ) = − 1

D

4For more detail on grid generation techniques the reader is directed to the following source - Grid Generation Through

Differential Systems (Liseikin, 2017)

8



Figure 4: Left : The domain in which the Laplace grid is generated. Right : After applying the Laplace

technique FV cells can be generated using the grid points as vertices.

Taking the area integral of both sides and applying the divergence theorem gives,∫∫
AC

∇ · (∇τ) dA =

∫∫
AC

− 1

D
dA∫

PC

∇τ dS = −AC

D

Replacing the integral over the perimeter of the cell, with a sum over all individual cell faces (f), gives

the general finite volume discretisation - (18).∑
f

(∇τ)f · Sf = −AC

D
(18)

Sf represents the surface vector of a cell face and can be calculated from the location of the vertices

which create the face. In 2 dimensions this is done using equation 19.

Sf = ∆yî−∆xĵ (19)

The cell area (AC) can also be calculated from the cell vertices using a vector product. The only

unknown left in (18) is the gradient ∇τ at the face of the cell. When the cells are uniform this

gradient can be assumed to be a linear profile between the cell centres straddling the face of the

cell. This would then reduce the finite volume construction to be the same as a the finite difference

implementation. In our case however, the grid is non-orthogonal so this causes extra complexities

unique to the FV method.

To understand the discretisation of non-orthogonal grids, consider figure 5 which shows a cell with

centre c and its neighbouring cell with centre n. The surface vector for face f1 is shown in red, along
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Figure 5: Diagram illustrating the notation used in non-orthogonal FV methods for a cell (c) and its

neighbour (n).

with a vector decomposition into components Ef1 and Pf1 . Mathematically Sf1 = Ef1 + Pf1 , which

when substituted into the left hand side of equation 18 for f1 only can be expanded as,

(∇τ)f1 · Sf1 = (∇τ)f1 · (Ef1 + Pf1) = (∇τ)f1 ·Ef1 + (∇τ)f1 ·Pf1

The gradient in the direction of Ef1 can be expressed in terms of the cell centres using a linear

approximation, this is shown in (20).

(∇τ)f1 ·Ef1 + (∇τ)f1 ·Pf1 =

(
τ1 − τc
dcf

)
Ef1 + (∇τ)f1 ·Pf1 (20)

There are multiple ways to perform the decomposition of Sf1 into its components, the most compu-

tationally stable is the over-relaxed approach (Moukalled et al., 2016). This method calculates Ef1

using equation 21, where θ is the angle between the surface vector and the line connecting the cell

centres and ê is a unit vector pointing in this same direction (see figure 5).

Ef1 =

(
Sf1
cosθ

)
ê (21)

What remains to be approximated is the term (∇τ)f1 · Pf1 . This expression is known as cross-

diffusion as it represents the component of the gradient moving perpendicular to the line connecting

the cell centres. Pf1 can be calculated as Sf1 − Ef1 however (∇τ)f1 cannot be expressed in terms

of cell centres and hence must be approximated using a different method. The most commonly used
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approach to find this gradient is using the Green-Gauss gradient theorem. Mathematically the Green-

Gauss gradient theorem states that the average gradient in a cell is given by equation 22 (Moukalled

et al., 2016).

∇τc =
1

AC

∑
f

τfSf (22)

To find these gradients requires the function value τ at the cell face. This must be interpolated from

the values at the cell centres and this is where the final problem with non-orthogonal grids arises. As

can be seen in figure 5 the line connecting the cell centres does not intersect the centre of the cell

face, point f1, rather it intersects at a point f ′. This condition is known as non-conjunctional points,

this means that when the function values are interpolated from the cell centres it will not give the

accurate value at the centre of the cell face. This can be corrected by using equation 23.

τf1 = τf ′ + (∇τ)f ′ · df1f ′ (23)

Here df1f ′ is the vector connecting the cell face centre f1 to the point f ′. From equations 22 and 23 it is

clear that the gradient depends on the function values at the cell faces and the functions values depend

on the gradient. This means the approximation can be improved by iterating over these equations.

There are many steps required to discretise the Poisson equation and much has been explained

thus far in section 3.3. To summarise this information, the following list contains the steps required

to solve the Poisson equation for MFPT on non-orthogonal structured grids.

1. Using a Laplace grid generator - generate a mesh on a specified domain.

2. From the mesh construct the finite volume cells.

3. Solve for τ ignoring the cross diffusion term - Equation 20.

4. Using this solution interpolate to find the τ values at the faces.

5. Calculate the gradients in each of the cells using Green-Gauss gradient theorem - Equation 22.

6. Update the face values using the calculated gradients to account for the non-conjunctional points

error - Equation 23.

7. Update the cell gradients again using the new face values.

8. Iterate over steps 4 and 5 a maximum of two more times.

9. Interpolate cell gradients to cell faces.
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10. Calculate the cross-diffusion term using the over-relaxed approach - Equation 21.

11. Add the cross-diffusion term to the RHS of the Poisson equation as a constant source term and

solve again for τ .

This process is not simple, and many software packages used in computational fluid dynamics have

this functionality built in. In the research thus far, code has been written which solves the Poisson

equation using the finite volume method but ignores the cross diffusion correction. The results that

follow are generated from this code.

3.4 Finite Volume Results

The first result produced from the FV code was to confirm that it functioned correctly on a uniform

grid. The problem used to do this was a square domain of unit size with fully absorbing boundaries

(see left image in figure 6). The diffusion coefficient D was set to be equal to a value of 0.25, and

approximately 1600 FV cells were used in the computation. The result is shown in the right graph of

figure 6. As expected the maximum average time to leave the domain occurs exactly in the middle and

slowly decreases as you move closer to any boundary. There exists an analytic solution to this problem

which gives the MFPT at the centre of the square to be 0.2947 (Ismail, 2016). The numerical MFPT

at the centre stated to 4 significant figures is 0.2945, which is only a 0.07% error between numerical

and analytical.

Figure 6: Left : Diagram of problem definition - square domain with fully absorbing boundaries. Right :

Finite Volume solution for MFPT using a uniform grid.

The next result was to test how the code performed on non-orthogonal grids. The problem inves-

tigated was a narrow escape through an absorbing arc on a unit disk. This is shown diagrammatically
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Figure 7: Left : Diagram of problem definition - circular domain with narrow absorbing arc. Right :

Comparison of numerical and analytical data from narrow escape on unit disk.

in the left image of figure 7, the green boundary is absorbing whereas the black boundary is reflec-

tive. The circular domain required the use of the Laplacian grid generator which meant the mesh was

non-orthogonal. The MFPT was found numerically for a diffusing particle at the centre of the disk

for a decreasing escape angle (ε). The data obtained is plotted against the analytic solution in the

right graph in figure 7. As expected, as the escape angle decreases the time to arrive at the absorbing

boundary increases dramatically. This trend is captured in the numerical solution, however there are

obvious differences in MFPT values between the numerical and the analytical. This is attributed to

the cross-diffusion terms being ignored in the code currently being tested.

The last test that was performed on the code was mesh convergence. For an escape angle of 45◦

the MFPT was calculated for a diffusing particle starting at the disk centre for a slowly increasing

number of FV cells. This plot is shown in figure 8, and it clearly shows that the code is converging on

an answer. There is large variation in results for low cell density, as expected, but as the cell number

increases past 5000, the results become stable.

3.5 Future Direction

To provide a complete and accurate solution to the MFPT problem in arbitrary confining geometries

the remainder of the FV code needs to be implemented. This predominately includes accounting for

the affects of the cross-diffusion term by using the Green-Gauss gradient computation method. Once

this has been completed the code will need to be tested to ensure accuracy and stability. If these tests

are successful, the next step will be to apply these results to physical problems such as those within

molecular biology.
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Figure 8: Plot of the mesh convergence for the narrow escape on a unit disk problem.

4 Conclusion

This research report has covered two broad themes - (i) Analytical solutions to MFPT problems in

1D and (ii) - Numerical solutions to MFPT problems in arbitrary 2D domains. The first section

of the report helped develop an understanding of MFPT problems in general which then naturally

led into the more complicated applications of section two. Section one found that the MFPT for

a 1D problem was the same when approached using Monte Carlo methods, Poisson equation and

the diffusion equation. This is evidence of a deep underlying connection between all three of these

methods.

Section two outlined the Laplace method for generating non-uniform meshes, then how to solve the

Poisson equation on these meshes using the finite volume method. It also explained the complications

that arise when solving for the cross-diffusion term and how these can be navigated through a series

of iterative steps using the Green-Gauss gradient theorem. Results for a FV code (ignoring cross-

diffusion) were shown to function for uniform meshes, however errors resulted when non-orthogonality

was introduced. It is the hope that by correcting these errors, the code created in this research will

have impact in a wide variety of fields where narrow escape and MFPT problems are important.
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Appendix

Hurwitz Zeta Function Result:

The Hurwitz Zeta function is defined as:

ζ(s, a) =
∞∑
n=0

1

(n+ a)s
(1)

Where Re(s) > 1 and Re(a) > 1. Now, taking the result for the MFPT as generated by the diffusion

equation and setting x0 = L gives the following:

τ(L) =
16L2

π3D

∞∑
n=0

1

(2n+ 1)3
sin

(
(2n+ 1)π

2

)
(2)

In this sum,

sin

(
(2n+ 1)π

2

)
= (−1)n for n = 0, 1, 2, ...

Substituting this result into (2) and re-arranging gives,

τ(L) =
2L2

π3D

∞∑
n=0

(−1)n

(n+ 1
2)3

(3)

Expanding for the first few terms in the sum gives,

∞∑
n=0

(−1)n

(n+ 1
2)3

=
1

(12)3
− 1

(32)3
+

1

(52)3
− 1

(72)3
+

1

(92)3
− 1

(112 )3
+ ...

Grouping positive and negative terms,

=

[
1

(12)3
+

1

(52)3
+

1

(92)3
+ ...

]
−

[
1

(32)3
+

1

(72)3
+

1

(112 )3
+ ...

]

Each of the above sums can be written as their own separate sum, defined by,

=
∞∑
n=0

1

(2n+ 1
2)3
−
∞∑
n=0

1

(2n+ 3
2)3

Factoring out a 2 from the denominator of both gives,

=
1

8

[ ∞∑
n=0

1

(n+ 1
4)3
−
∞∑
n=0

1

(n+ 3
4)3

]

Applying the definition of the Hurwitz Zeta function to these sums, and substituting into equation 3

gives,

τ(L) =

[
ζ(3, 14)− ζ(3, 34)

]
4π3D

L2 (4)
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Now, from the Poisson solution for x0 = L the MFPT is given by,

τ(L) = − L
2

2D
+
L2

D
=
L2

2D
(5)

By equating equations 4 and 5 and canceling terms the following result is obtained:

1

2

[
ζ(3,

1

4
)− ζ(3,

3

4
)

]
= π3 (6)
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