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Introduction

Game theory is the study of strategic interaction between rational decision-makers. Nash equilibria
plays an important role in game theory, and can be defined as the profile of actions where no player
has an incentive to deviate from this strategy. In our research, we focus on games where a large
number of players are involved and the payoffs are weakly dependent, with the possibility of ties. We
study a multitude of phase transitions in terms of the correlation between payoffs and probability of
ties. The asymptotic results about the random number of pure Nash equilibria will also be provided.
The methods used in our analysis include large deviations, combinatorics, mechanical statistics, and
computer simulation. Indeed,a link between percolation models on hypercube and game theory was
already established by many authors. In particular, Amiet et al. (2019) studied the case of independent
and identically distributed payoffs, with a chance of ties. They introduced a new approach for the
analysis of Nash Equilibria, establishing a connection with percolation theory. The aim of the research
is to describe the geometry of Nash Equilibria in detail when the assumption of identically distribution
is tweaked and show evidence that the players are able to reach a Nash equilibrium with a probability
that quickly approaches one as the number of players grows.
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Definitions

Firstly, Some concepts related to Game theory will be introduced.
Game
A game can be described as a collection of players, a set of strategies available to each of them,
and payoffs. Label the strategies using consecutive positive integer values, and identify with the
set [N] := 1, 2, ...N the collection of players. Let Si be the set of actions of each player i ∈ [N],
and S = ⊗i Si , i.e. the cartesian product of the space of actions. We let gi : S → R be the payoff
function of player i. It is common in game theory to denote by s−i the action of profile of all
players except i. A game can be represented as
τN = ([N], (Si )i∈[N] , (gi )i∈[N] )
Pure Nash Equilibrium (PNE)
Pure Nash Equilibria are those strategies (if any) with the property that no single player has
an incentive to deviate from a strategy. It is not necessarily an optimal outcome, but is a very
natural concept.
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More precisely, an action profile s* is a pure Nash Equilibrium (PNE) of the game τN if for all
i ∈ [N] and for all si ∈ Si , we have
gi (s*) > gi (si , s∗−i )
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Examples of Nash Equilibrium

3.1

A two-player example

The goal of this section is to illustrate the concept of PNE with the easiest possible example: two
players and two strategies for each player.
Consider the case of two gangsters, that have been caught by the police. Each criminal are
questioned, in different rooms. Each of them has two strategies, either confess or keep silent. The
payoff of each criminal is shown in figure 1. For example, if both criminals confess, both of them will
spend 8 years in a jail.
Criminal 2

Confess

Keep silent

Confess

(−8, −8)

(0, −10)

Keep silent

(−10, 0)

(−1, −1)

Criminal 1

Figure 1: the payoff for criminal 1 and criminal 2
It is easily to see that there is one Nash equilibrium, at the strategy [confess, confess],in this
game.If either player one or two deviate from confess to keep silent, he will spend ten years in jail,
which is a worse outcome. Therefore, when reaching this point, no player has an incentive to deviate.
Similarly, by interpreting the other three strategies, it is concluded that only profile (confess, confess)
is the pure Nash Equilibrium. Notice that in terms of payoffs, is not optimal, at least when compared
with strategy profile (silent, silent).

3.2

Non-existence of PNE example

Unfortunately, even though the concept of PNE is natural, such equilibria not always exist in a game.
The example provides in Figure 2 below has no PNE.
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Player 2

0

1

0

(1, 7)

(4, 1)

1

(4, 1)

(1, 7)

Player 1

Figure 2: A Game with no Nash Equilibrium
A fundamental idea of Nash was to introduce a different, more general concept of Equilibria, by
looking at the so-called mixed strategy, where the set of strategies is enlarged, to include randomlised
strategies. In the game appearing in Figure 2, a mixed strategy equilbria is achieved if both players
flip an independent fair coin to decide which strategy to play. This concept has not a direct “natural”
interpretation.
So a question raises naturally: under what conditions PNE exist? Few authors chose to answer this
question by using randomness. If we pick a game uniformly at random, how many PNE are there?
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A new model to represent : Best-Response Dynamics(BRD)

It is also natural to ask how to reach PNE, if they exist. It is well-known that PNE are hard to
compute (Daskalakis et al., 2009). One way to address the issue is to devise iterative procedures that
converge to a PNE. Suppose that at each step, a player is chosen at random and asked if she/he wants
to change strategy. This defines a stochastic process. In the case each player chosen will consistently
choose among the very best alternatives (vs. just better alternative), we speak about Best-Response
Dynamics (Better-Response Dynamics respectively). In the case when each player has exactly two
actions available, the two processes just described coincide. We use the acronym BRD to denote Best
Response Dynamics. BRD helps the player to find PNE in a very natural way. PNE are absorbing
states of BRD. To summarise, BRD a single player is picked at random and allowed to deviate from
another more profitable strategy. If no such action exists, the player will not move and a different
player is chosen randomly. When a new action profile is reached, the process is repeated. If we
reach a profile which no player has a profitable deviation, then the process has reached a Pure Nash
equilibrium.

4.1

Related work

Other than the recent paper by Amiet et al., several papers have considered aspects related to the
number of PNE in games with random payoffs. In many of the papers that we consider below, and
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unless otherwise stated, the random payoffs are i.i.d. from a continuous distribution.
Goldman (1957) showed that for a zero-sum two-person games, the probability of having a PNE
converges to zero as the number of strategies grows. The payoffs following a Bernoulli distribution
was also briefly discussed in his research.
For a general two-person games,It was showed by Goldberg et al. (1968) that the probability of
having at least one PNE converges to 1 − e−1 as the number of strategies diverges. Dresher (1970)
generalized this result to the case of an arbitrary finite number of players.
The asymptotic distribution of the number of PNE can be found through recent papers. For
example, Powers (1990) discovered that, when the number of strategies of at least two players goes to
infinity, the distribution of the number of PNE converges to a Poisson(1).
Stanford (1995) derived an exact formula for the distribution of PNE in random games and obtained
the result in Powers (1990) as a corollary. Stanford (1996) dealt with the case of two-person symmetric
games and obtained Poisson convergence for the number of both symmetric and asymmetric PNE.
In all the above models, the expected number of PNE is found to be 1. Under different hypotheses,
this expected number diverges. For instance, Stanford (1997, 1999) showed that this is the case for
games with vector payoffs and for games of common interest, respectively. Stanford (1999) studied
both strictly and weakly ordinal preferences. Raič (2003) used Chen-Stein method to bound the
distance between the distribution of the normalized number of pPNE and a normal distribution, of
which the result does not assume continuity of the payoff distributions.
Rinott and Scarsini (2000) weakened the hypothesis of i.i.d. payoffs; that is, they assumed that
payoff vectors corresponding to different strategy profiles are i.i.d., but they allowed some dependence
within the same payoff vector. In this setting, the asymptotic results were seen when either the number
of players or the number of strategies diverges. More precisely, if each payoff vector has a multinormal
exchangeable distribution with correlation coefficient ρ, then the following hold: for negative ρ, the
probability of the number of PNE goes to zero; for ρ = 0 it converges to a Poisson(1), and; for ρ
positive, it diverges and a central limit theorem can be used as a tool to do further analysis.
Takahashi (2008) considered the distribution of the number of PNE in a random game with two
players, with a condition of the game having non-decreasing best-response functions. This assumption
greatly increases the expected number of PNE. Daskalakis et al. (2011) extended the framework of
games with random payoffs to graphical games. Strategy profiles are vertices of a graph and players’
strategies are binary, like in our model. Moreover, their payoff depends only on their strategy and the
strategies of their neighbors. The authors studied how the structure of the graph affects existence of
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PNE and they examined both deterministic and random graphs.
A myriad of authors has explored the solutions of the random payoffs aspect in games from a range
of angles.
For instance, Cohen (1998) studied the probability that Nash equilibria (both pure and mixed)
maximize the sum of the players’ payoffs in a finite random game. Pei and Takahashi (2019) devoted
their attention to rational strategies in two-person games with random payoffs and performed an
asymptotic analysis in the number of strategies.
Finding a PNE in a game is PPAD-complete (Daskalakis et al. (2009)). Therefore, given this
computational difficulty, several learning procedures have been proposed to reach an equilibrium by
playing the game several times (see, e.g., Tardos and Vazirani, 2007, Blum and Mansour, 2007).
Probably the simplest such procedure is BRD. This approach has been taken, among others, by Blume
(1993), Young (1993), Friedman and Mezzetti (2001), Takahashi and Yamamori (2002), Fabrikant et al.
(2013). The main problem that arises is that BRD is guaranteed to converge to a PNE only when
the game is of some specific type, for instance, a potential game (Monderer and Shapley (1996)).
Bernheim (1984) introduced the concept of point rationalizable strategies, i.e., strategies that survive
iterated elimination of never best responses against pure strategies. Pei and Takahashi (2019) pointed
out an interesting connection between BRD and point rationalizability, showing that BRD converges
to a PNE almost surely if and only if point rationalizable strategies consist only of PNE.
The performance of BRD in randomly drawn potential games has been studied in Coucheney et al.
(2014), Durand and Gaujal (2016) and Durand et al. (2019). To be able to deal also with games for
which BRD does not converge to a PNE, Goemans et al. (2005) defined the concept of sink equilibria
A trap is a strongly connected set of two or more vertices with no edges leading out of the set. If
players are selected at random and asked to choose a best response, the process may eventually reach
a sink equilibrium and wander on the game’s components permanently. Christodoulou et al. (2012)
applied a similar model , with a focus on the rate of convergence to approximate solutions of the game.
Dütting and Kesselheim (2017) analyzed BRD in the context of combinatorial auctions.
The idea of generating games at random to check properties of learning procedures was adopted by
Galla and Farmer (2013) and, more recently, by Pangallo et al. (2019), who studied—mainly through
simulations—the behavior of various learning procedures in games whose payoffs are drawn at random
from a multinormal distribution.
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Random games

In this section, the random game model will be considered. The model studied in Amiet et al (2019)
considers independent and identically distributed payoffs, in the case of N players having 2 actions
each. The probability of ties in the payoff, which we denote by α, is the important parameter in
the model. Different values of α produce different possible behaviours in the number of PNE. Amiet,
Collevecchio, Scarsini and Zhong proved that the number of PNE is roughly (1 + α)N and they also
provide a very precise central limit theorem. They also give a description of the geometry of the PNE,
and the question asked is ”are they reachable by BRD?” They proved that BRD converges to PNE in
the case for α < 0.68 and conjectured that this is true for all α > 0. The graphs below illustrate how
concentrated the number of PNE is (1 + α)N .
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Scaled number of NE

The method used in Amiet et al. rely on the connection between random games and random
oriented graphs, which in turn are connected to percolation. We explain these connection using an
example below.
Consider a game with three players, where the payoffs are described in the table below. This
game can be described in terms orientation of the edges of the hypercube by repeating the following
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reasoning.
It is found that The two vertices in red (0, 0, 0) and (1, 1, 0) are the two pure Nash equilibria of
the game.
Player 3 - Strategy 0
Player 2

0

1

0

(0.52, 0.7, 0.42)

(0.2, 0.7, 0.56)

1

(0.22, 0.64, 0.12)

(0.85, 0.77, 0.58)

Player 1

Player 3 -Strategy 1
Player 2

0

1

0

(0.2, 0.54, 0.17)

(0.19, 0.09, 0.39)

1

(0.11, 0.57, 0.79)

(0.95, 0.53, 0.05)

Player 1

Consider the vectors of strategies. As each of the coordinate can only take values in the set {0, 1},
then we can identify this collection with the vertex set of the hypercube. For example consider the
strategy (0, 0, 1). The third player, does not like it. It is convenient for her/him to deviate from
this strategy. We orient the edge connecting the vertices of the hypercube (0, 0, 1) to (0, 0, 0) in the
direction of the latter, to indicate this preference. The presence of ties produces a partial orientation
of the hypercube. In fact the edge connecting (0, 0, 0) to (0, 1, 0) is undirected. This representation
points out a very simple fact, that the values of the payoffs are irrelevant, as long as we know they
ranking. We need to know that (0, 0, 0) is preferred to (0, 1, 0) and we do not care if the increment is by
1 dollar or by 100 dollars. A random game, results in a random orientation. A random orientation is
naturally connected with percolation, which can be described as follows. Independent bond percolation
on hypercube is defined as follows. For each edge flip a coin having probability β of showing heads.
If the toss shows heads, then declare the edge to be open; otherwise the edge is closed. The subgraph
obtained by deleting (from the hypercube) the closed edges is a random graph , called percolation,
that includes all vertices in the hypercube, but could be disconnected. Amiet et al. showed the
largest connected component of the percolation, when β = (1 − α)/2 coincides (almost) with the set of
strategies that can be reached by the BRD starting from a fixed non-random strategy. In the following
picture we show what can be reached by BRD if starting from (1, 1, 1) by continuing our examples
with three players. The orange corresponds to the strategies that are accessible by Best-Response
Dynamics.
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(0, 1, 1)

(1, 1, 1)

(0, 1, 0)
(1, 1, 0)

(0, 0, 1)
(1, 0, 1)

(0, 0, 0)

(1, 0, 0)

Figure 3: BRD representation
(0, 1, 1)

(1, 1, 1)

(0, 1, 0)
(1, 1, 0)

(0, 0, 1)
(1, 0, 1)

(0, 0, 0)

(1, 0, 0)

The connection with percolation that we mentioned above can be visualised as follows.

=⇒
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Further Study

I started studying games with payoffs that are not identically distributed but still independent. This is
the first step in removing the i.i.d. assumption from Amiet et al. I obtained CLT in specific examples.
In this case, N players and 2 actions are introduced, if two strategies have distance at least 2 then the
events that they are PNE are independent. Hence, we could adapt results of CLT for 2-dependent
processes to our context. We aim to obtain a general theory of heterogenous payoffs, and prove that
in certain cases PNE localize in a certain region, making it easier for (variant of) BRD to find them.
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